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K7MNJN�FDF�ÀC(Z`I r K7I�JVI�JNH5|FMNG5�5DFC�KBMNMD?W(wUZ��5JN|�P`K7W(]0D?I�X5W�Z�|FD?C(C(DFC��R��G5C(JNH5w#K©C(MNJVw r I�MV��PQZ�W(Dx|FZUP�X&MNJV|TK7I�DF��C(| r DFPQDtC*G&wB^wUDFC�I�DF�����À¨�MNwUZRD?Il« � ®¯a qsr JVC©C(| r DFPQDlG&C*DFChKQI r W�DFD�^��&JVPQDFH5C(JNZUH&KBM~K7W(W�KT�

h(k,`,m)ZU\>D��YX[D�W(I�Ct�5D?{&H5DF�¢�R�
h(k,`,m) = (1− λm)h(k,`) + λmb0 ,� r D�W�D

λm é (0, 1)
JNChK.C(DFE�G5DFH5|FD`ZU\�HRG&P��[D?W(C#|FZUH@O0D?W�wUJNH5w¢I�Z¢�FD?W�Z�KBH5�

b0
JNCI r D�G5H&JV\LZ�W�PÒX[Z�W(I�\LZUMNJVZ

(1/d, . . . , 1/d)
a

W X�Ù�i�eQÙ�ßZY\[.Ý^]_Ùsk p�e�_vÙU]ug�Ü Ùse�g`]ug[iÎÝ�g_Ù%a�p�ÙU]
}�H�I r JNCvC*DF|?I�JNZUH��sDQJNH@I(W�ZR�&G5|FD¤K�|FMLKBC*CvZU\�]0D?W�H5DFM�^¯�yK7C(DF�§JNHRO0DFC�I�PQDFHRI#C*I(W
KzI�DFwUJNDFCKBH5�vX5W�Z�O0D�I r DFJVWÎG5H&J�O0D?W�C�KBMVJVIÌ�0ab��D?W�H5DFM¥^��fKBC(DF�hW�G5MND?C�KBMNMVZz�§KtPQZ�W(D�Ó&D��YJV�&MND���KF�©ZU\D���I(W
KB|�I�JNH5w�JNH5\LZ�W�P`K7I�JVZUHh\NW�ZUP I r D r JVC*I�Z�W(�hZU\5I r DsP`K7W(]0D?IFa q�r Ds\�KBPQJNM��#ZU\&PQD?I r ^ZR�&ChJVHRI(W�ZR�5G&|?DF� r D�W�D`JNChC(JNPQJNMNK7WTS�JNH�C�XfJ�W�JVITSÎI(Z�I r D r JNC�I�ZUw�W
KBP¤^¯�yK7C(DF��C*I(W�K7I�DFw��

�Tâ



�5DFC(|�W�JV�[DF�2JVH¢I r D©X5W�D?O�JNZUG5CxC*DF|?I�JNZUH_a qsr D#P`KBJVH��5JVÁyD?W�DFH5|FD©JNCxI r K7I�I r D#D?MNDFPQDFHY^I
KzW(�2C*I(W�K7I�DFwUJND?C�G5C(D?�À����I r D�C*I(W�K7I�DFw��2W�D�XfMNKB|FDvI r DhW�JNwUJN���5JNC(|?W(D?I�JN�TKzI�JNZUH2ZU\oI r DXfKBC*I�\LD?� P`K7W*]0D?ItO0DF|�I�Z�W�C�����K¤PQZ�W�D�ÓfD��+JV�&MNDc$ÌPQZ�OYJNH5wB^��tJNH5�5Zz�d&�W�G5MND�atào��K7X+^X5W�Z�X5W�JLKzI�D��sDFJNw r JNH5wv���.Kv]0D?W(H&D?M�\LG5H5|?I�JVZUH¢Kv� r ZUMND�W(JN| r \�KBPQJNM��¤ZU\>C*I(W
K7I(DFwUJNDFC�JNCZ��5I
KBJVH&D?��a qsr DvP`KBJNH¢I r D?Z�W�D?I�JN|FKBM�W(DFC(G5MVI�ZU\�I r JNCtC(DF|?I�JVZUH2JNCtI r DvG5H5JVO0D?W�C(KBMNJVIÌ�.ZU\I r DFC*D¤C*I(W�K7I�DFwUJND?C�G5H5�5D?WvwUD?H&D�W
KBM�KBC(C(G5P�X5I�JNZUH5CFa qsr DlHRG&PQD�W�JN|TKBM�W(DFC(G5MVI�C�C r Zz�tHJNH���DF|?I�JVZUH�Õ¤JNH5�5JN|TKzI�D�I r D©X5W
KB|�I�JN|TKBM[C*G5XuD?W�JNZ�W�J�I!�`ZU\�]0D?W�H5DFM�^¯�fKBC(DF�2PQD?I r ZR�5CFaq Z`C(JNP�X&MNJV\N�¢H5Z�I
K7I(JNZUH2�sDhC*I
K7W(I��tJVI r I r DhC(JNP�X&MNDFC�Id$ÌPQZ�OYJVH&wB^¯��JNH5�5Z��e&�O0D?W*^C(JVZUH�SU|?Z�W(W�DFC*XuZUH&�5JNH5w�I�Z©K�G&H5JN\LZ�W(P ]0D?W�H5DFM&\LG&H5|?I(JNZUH_S0KBH5�lI(W�DFK7I¹I r DxwUD?H&D�W
KBM+|TKBC*D�5W�JND�Ó&�`MNK7I�D?WTaqsr D�]0D?W�H5DFM�^¯�fKBC(DF�QC*I*W
K7I�DFw��
BK

JVC�|FZUH5C*I(W(G&|�I�DF�QC(JNPQJVMLK7W�MV��I�Z#I r D r JNC*I�ZUw�W�KBP¤^�fKBC(D?��X[Z�W*I�\LZUMNJNZ
BH

�&D?C(|?W�JV�uDF�<JNH2I r DvX5W�D?O�JNZUG5C�C(DF|?I(JNZUH_a�f7G5C*I�MNJ�]0D#�[DF\LZ�W�DBS_�sDC*I�K7W(I������5D?{&H5JNH5w.KBH�JNH+{fH5JVI(DhK7W(W
KF��ZU\�D��YXuD?W(I�C
H(k,`) = {h(k,`)( ð )} Sy� r D�W�D k, `K7W(D�X[ZUC(J�I�JVO0D.JNHRI�D?wUD?W�CFa q Z��5D?{&H5D

H(k,`) S�MND�I c > 0
�uD2KÀ|FZUH5C*I�KBHRIlX[ZUC(C(JV�&MV��5D?X[D?H&�5JNH5w�ZUH

k
KBH5�

d
a�Í+Z�W�{+�+DF��X[ZUC(J�I�JVO0D#JVHRI�DFwUD�W�C

k, `
K7H&��\LZ�W�DFKB| r O0DF|�I�Z�W

s = s−1
−k

ZU\Î�&JVPQDFH5C(JNZUH
kd

�5D?{&H5D�I r D�X[Z�W(I�\LZUMVJNZhO0DF|?I�Z�WTS5\LZ�W
n > k+ 1

S
b(k,`)(xn−1

1 , s) =
K7W�w�P`Kz�
b � ∆d ∏

{k<i<n: g xi−1i−k−s gih c/`} î b , xi ï ,JN\[I r D�X5W�ZR�&G5|?IsJVC�H&ZUHY^¯O0ZUJN�_SYKBH5�
b0 = (1/d, . . . , 1/d)

Z�I r D?W(�tJNC(D�a~}�\_I r D�X5W�Z��Y^G5|?IxJNC�H&ZUHY^¯O0ZUJN��I r DFH��sD©P`KF�QW�D�^¯�tW�J�I�D�I r JVC��5D?{&H5JVI�JVZUH¢KBC
b(k,`)(xn−1

1 , s) =
K7W�w�P`Kz�
b � ∆d

∑
{k<i<n: g Xi−1

i−k−s gih c/`} MNZUw î b , xi ï444{k < i < n : K xi−1i−k − s K ñ c/`} 444 .ÍÎJVHfK7MNMV�0SR�sD��5D?{&H5D©I r D�D��YX[D�W(I
h(k,`) �R�

h(k,`)(xn−1
1 ) = b(k,`)(xn−1

1 , xn−1
n−k), n = 1, 2, . . .

Æ b Ë
qsr K7I�JNCFS

h(k,`)
n

�5JNC(|�W�D?I�JN�?DFC�I r DhC(DFERG&D?H&|?D
xn−1
1

SuKBH5���5W�Z���C(D?C�I r W�ZUG5w r K7MNM>XfKBC*IK7X5X5W�ZT�+JNP`KzI�D�K7X5X[DFK7W
KBH5|FDFC`ZU\�I r D�MLKBC*I`C(D?DFH�O0DF|?I(Z�W
xn−1
n−k

a qsr D?H�JVI`�5DFC(JVwUH&CK`{5�YDF��X[Z�W(I(\LZUMNJNZ`O0DF|?I�Z�W�K7|F|FZ�W��5JNH5w�I(Z¢I r DlW�D�I�G+W�H5CvZUH�I r DlX[D�W�JNZ��5C�\LZUMNMNZ���JNH5wI r DFC*D#K7X5X5W�ZT�+JNP`KzI�D�K7X5X[DTK7W�KBH5|FDFCFaqsr D?C(D©D��YX[D?W*I�C�K7W(D�PQJ¥�+DF�`I r D©C(KBPQD���KF�¢K7C�JVH�I r D�|TKBC(D�ZU\>I r D r JNC*I�ZUw�W�KBP¤^�fKBC(D?�¢C*I(W�K7I�DFw��0a qsr KzIxJVCFSYMND?I
{qk,`}

�[D�KhX5W�Z��fK7�&JNMVJVIÌ�¤�5JNC*I*W�JV�&G+I�JNZUHQZ�O0D?WxI r D�C(D�I
�U�



ZU\sKBMVMoXfKBJVW�C
(k, `)

ZU\�X[ZUC(JVI�J�O0DlJNH@I�DFwUD?W(CvC(G5| r I r K7Iv\LZ�W�KBMNM
k, `

S
qk,` > 0

a qsr DC*I*W
K7I�DFw��
BK

�sD?JNw r C�I r D�D��YX[D?W*I�C
H(k,`) KB|?|FZ�W��5JNH5whI�ZhI r DFJVW�XfKBC*I�X[D�W�\LZ�W�P`KBH5|FDFCKBH5�

{qk,`}
���

b(xn−1
1 ) =

∑
k,` qklSn−1(H

(k,`))h(k,`)(xn−1
1 )∑

k,` qklSn−1(H
(k,`))

,

� r D�W�D
Sn(H

(k,`))
JNC.I r D<|TK7X&JVI�KBM#K7|F|FG5PlG5MLKzI�DF�¾�R��I r D�D?MNDFPQDFH@I
K7W(��C*I(W�K7I�DFw��

H(k,`) KB\NI(D?W n X[D?W�JNZR�5C�� r D?H�C�I
K7W(I�JVH&w���JVI r KBH�JNH5JVI�JLK7M[|TK7X&JVI
KBM S0 a q�r G&C?SuKB\NI�D�WX[D�W�JNZ��
n
S5I r D�JNH@O0DFC*I�Z�WTìÑCx|FK7X&JVI
KBMu�[D?|FZUPQDFC

Sn(B
K) =

∑

k,`

qk,`Sn(H
(k,`)) .

qsr D�P`KBJNH�W�DFC(G5MVI#ZU\�I r JNC#C(D?|?I�JNZUH_SÎ� r ZUC*DlX5W�Z�ZU\�JVC#wUJVO0DFH�JVH§��DF|?I�JNZUH�Ö.�uDFMNZ��vSC*I�K7I�DFCsI r D©G5H5JVO0D?W(C�KBMNJVIÌ�`ZU\�I r D©C(| r DFPQD��5D?{&H&D?�2K7�[Z�O0D�Gj =�-0354�-�Q kml'n�oqpsrutwvyx�r@z|{}r�~���n�o���o
BK

{�~����s{��\o=tw~S�-zd�U{iv�n�t�o�~}pso.��v�v?r�v�n�o��z��-~=~crZxF�-z�z�o=t<��r��@{<�!pHt=r���o=~=~�o�~d~��I�=nqv�n��-v�3
{|
MNZUw
X(j)|} <∞ � x�rut j = 1, 2, . . .d �P�--Q<9�4SRIT q�r D�K7C(C(G5P�X5I�JNZUH�ZU\vI r DÀ{&H5JVI�DFH5DFC(C�ZU\vI r D)3

{|
MNZUw
X(j)|}

P`KF���uD�sDTKz]0DFH5DF�¤C(JVPQJNMLK7W�M��#K7C�JVH�I r D�|TK7C(DxZU\5I r D r JNC*I�ZUw�W
K7P¤^��fKBC(DF�hC�I(W
K7I�D?w����&D?C(|?W�JV�uDF�JNH.I r D�X5W�D�OYJNZUG5C�C(DF|?I�JVZUH�aP�--Q<9�4SRIT¤Æ����H�����sÊ\�[Ê��uÉ@��ËhÍ+Z�W¹I r DsG5H&J�O0D?W�C�KBMVJVIÌ�#ZU\5I r D�PQD?I r Z��_S7JVI¹C(G+ �|?DFC�I(ZKBC*C(G5PQD�I r K7I�I r D�JNH5JVI�JLKBM&�sDFJNw r I�C
qk,`

K7W�D�C*I(W(JN|?I�MV�¤X[ZUC(JVI�J�O0D�a!�tZ��sD?O0D?WTS+JNH.X5W
KB|�^I�JV|FD�S[\LZ�W©wUZ�Z���{&H5JVI�D�^¯I�JNPQD©�uD r KTO�JNZ�WTSyI r D�W�ZUMNDhZU\�I r DFC(Dh�sDFJNw r I�C�JNC�JNP�X[Z�W*I
KBHRIFaÍ+Z�W©wUZ�Z���X5W
KB|?I�JV|TKBM¹X[D?W�\LZ�W(P`KBH5|FD�S
qk,`

S>KBC��sDFMNM~KBC©Z�I r D?W©XfK7W�KBPQD?I�D?W(C�C*G&| r KBCI r Dl|FZUH5C*I
KBH@I
c
r KFO0D¤I(Z¢�[Dl{&H5DlI(G&H5DF�_a.��ZUPQD�X[ZUC(C(JV�&MND�| r ZUJN|FDFC#K7W�D�wUJVO0D?H�JNH��DF|�I�JNZUH�Õ+aP�--Q<9�4SRITÒÆ��s���>ÇyÉ�����������Ç����>Éw�uÉ-�¥Ë ¨�C�PQDFH@I�JNZUH5DF�§JNH§I r D.JNH@I(W�Z��5G5|?I�JVZUH�S~KP`KBJVH�C*JNP�X&MNJN\N�YJVH&w#Æ�KBH5��G5H+W�DTKBMNJVC*I�JN|�Ë�K7C(C(G5P�X5I�JNZUH�JNH¤ZUG+W�KBH&KBMV��C(JNC~JNC~I r K7I~I(W
KBH5C�^KB|�I�JNZUH¤|?ZUC*I�C�KzW�DtJNwUH5Z�W�D?��a�}¯I�\LZUMNMNZ���C~\NW�ZUP K�W(DFC(G5MVIoZU\_à�MNG5P K7H&�D��K7MLKBJ�« Öz®&I r K7IJN\oI r D¤P`K7W(]0D�I©X5W�ZR|FDFC(C

X1,X2, . . .
JNC#K�C(DFERG5DFH5|FDQZU\�JNH5�5D?X[DFH5�5DFH@IhKBH5��JN�5DFH@I�J�^|TK7MNMV�§�5JNC*I(W�J��fG+I�D?��O0DF|?I(Z�W�C¤I r DFH�I r D?W(D¢D��YJNC*I�C¤KBH¿JNHRO0D?C*I�PQDFH@I¤C*I*W
K7I�DFw��§� r ZUC(DKBC��YP�X5I�Z�I�JN|vW�K7I�D¤ZU\�w�W(Zz�xI r DFERGfK7MNC
W 1 a��xZz�sD?O0D�WTSÎJVI#JNC�DTKBC*�ÀI�Z�C(DFDlI r K7ITSÎJVH
��b



wUDFH5D?W�KBM�S�JV\uI r D�P`K7W(]0D?I�JNC�C*I�K7I�JNZUH&K7W(���&G+I�H5Z�I�H5DF|FDFC*C�K7W�JNM���J�aÑJ�a­�_aUI r DFH.KB| r JND?OYJVH&wI r D©Z�X&I(JNP`KBMuW
K7I(D#ZU\¹w�W�Z��tI r JVH¢I r D#X5W�DFC(D?H&|?DhZU\ÎI(W
KBH5C�K7|?I�JNZUH�|?ZUC*I�C�JNCxJNP�X[ZUC(C*J�^�&MND�a q Z¢C(DFD¤I r JNC?SÎ|FZUH5C(JN�5D?W#I r D¤C(JNP�X&MND�P`K7W(]0Z�OYJNKBH<D��+KBP�X&MND�JNH�� r JN| r
d = 2KBH5�_S��5D?I�D�W�PQJNH5JNC*I�JV|TKBMNMV�0S>� r DFH

n
JNClZ��5�_S

X(1)
n = 0

K7H&�
X(2)
n = 1

K7H&��� r DFH
n
JNC�D�O0DFH_S

X(1)
n = 1

KBH5�
X(2)
n = 0

a }�H¿I r JNC�|FKBC(D2|FMNDFK7W�MV�
W 1 = 0

S��&G5I¤I�ZKB| r JND?O0D¤JVITS>I r D�I�Z�I
KBM~�sDTKBM�I r�r KBC©I�Z��[D�PQZ�O0DF��DTKB| r JNH�X[D?W(JNZ���\NW(ZUP ZUH5D�KBC�^C(D�ItI�Z¤KBH5Z�I r D?WTS&KBH5��I(W
KBH5C�K7|?I�JNZUH�|FZUC*I�Cx\LZ�W�|FDhKhW
K7I�D©ZU\�w�W�Z��tI r �[ZUG5H&�5DF��KT��KF�\NW�ZUP �FD?W�Z�Æ�\NW�ZUPÿ�[DFMNZ���Ë�aF�tZ��sD?O0D?WFSyJNH2X5W
KB|?I(JN|FD�SfC(JNP�X&MND�PQZ��5JV{&|TK7I(JNZUH5C�ZU\~I r D]0D?W(H&D?M�^��fKBC(D?��C*I(W�K7I�DFwUJND?C�P`KF���sZ�W*]�E�G5JVI�DQ�sDFMNM�D�O0DFH�� r DFH§I(W
KBH5C�K7|?I�JNZUH�|FZUC*I(CK7W(D�X5W�DFC*DFHRITa���ZUPQD�H�G5PQD?W�JN|FKBMuD��+KBP�X&MNDFC�K7W�D�Z�ÁuD?W(DF�2JNH2��D?|?I�JNZUH�Õ+aP�--Q<9�4SRITÒÆi���H�u���H���yÈ �ÎÉ)�_ÉzÉw¡¢�U�\�����¹ÇyÉ@�¥Ë q�r D`I r DFZ�W�D?I(JN|TKBM�W(DFC(G5MVI�ClKBC(C(G5PQDMNJ�I(I�MNDoPQZ�W�D�I r KBH¤C�I
K7I�JNZUH&K7W(JVIÌ�vKBH5�lD?W�wUZ��5JN|?JVIÌ�vZU\fI r DsP`K7W*]0D?ITa¹Ð���O�JNZUG5C(MV�0S�I r D?W(DJNC#H&Z2D?P�XfJ�W�JN|TKBM¹I�D?C*IvI�Z2�5DF|FJV�&Dl� r D?I r D?W�K�P`KzW(]0D?IvC(K7I�JNC*{&DFC�I r DFC(D�X5W�Z�X[D�W(I�JNDFCZ�W¤H&Z�IFa q�r D¢X5W
KB|�I�JN|TKBMsG5C(DF\LG5MNH5DFC*C�ZU\�I r DFC(D2K7C(C(G5P�X5I�JNZUH5C�C r ZUG&MV���[D£B!G5�5wUDF��fKBC(D?��ZUH�I r D`HRG&PQD�W�JN|TKBMoW�DFC(G5MVI�CvI r D.JNH@O0DFC*I�PQDFH@I�C*I(W
KzI�DFwUJNDFChMVDTKB��I�Z+a�}�H�I r DH5D���I�C(DF|?I�JVZUH§�sD`�5DFC(|?W(JV�[D�OBK7W�JNZUG5ChC(G5| r W�D?C(G5MVI�Cv�fKBC(DF��ZUH§XfKBC�I��fKzI
K�a q�r DFC*DW�D?C(G5MVI�C�C(G5wUwUDFC*I�I r KzI�I r DhP`K7W(]0D?It|TKBH��[DhPQZ��5DFMVDF�2D?ÁuD?|?I�JVO0DFM�������K�MVZz��^�Z�W��5D?WC*I�K7I�JNZUH&K7W(��(�K7W(]0Z�OhX5W�Z�|FD?C(CFa qsr JVC�JVC¹D?OYJN�5DFH5|FD?�l���hI r D�wUZRZ����[D r KFOYJNZ�W~ZU\&C(ZUPQDD���X[D?W(I(C�I r K7I�Z�X[D�W
K7I�D�ZUHvC(G5| r KBHhK7C(C(G5P�X5I�JNZUH_a[Ï�D�DFP�X r K7C(JN�FD�KBw0KBJVH�I r K7I_I r DFC*DHRG&PQD�W�JN|TKBM�W�DFC(G5MVI(C�JVwUH&Z�W(DvI r DlD?ÁyDF|?I�G5C(JNH5w.C(G5| r K�C*I(W
K7I(DFw���P`KF� r KTO0D�ZUHÀI r DP`K7W*]0D?ITaP�--Q<9�4SRIT Æi���I�u�@�����u���yÈ¤�¥ËÀ}�H�I r JNC�XfK7X[D?W��sDh|FZUP�X&MND?I(DFMV��JVwUH&Z�W(DvI r D�JVC(C(G5DhZU\O0ZUMLKzI�JNMNJVIÌ�tKBH5�©\LZR|FG5C>ZUH#KBMNPQZUC*IyC(G+W�D�|FZUHRO0D?W(wUDFH5|FDoZU\@I r D~w�W�Zz�xI r W
K7I�D
(1/n)

MNZUw
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aª�ZUHRI(W(ZUMNMNJNH5w�I r DQO0ZUMLKzI�JNMNJVIÌ��ZU\�I r DQX&W(Z�|FDFC*C�JVChZ���OYJVZUG&C*MV��K¢W�D?MND?OBKBHRIlKBH5�§H&ZUHY^I(W(JVOYJLK7MfX5W�Z��&MNDFP2a~Ð�H5|FD©KBw0KBJNH`�sD�W�DF\LD?W�I r D�W�DTKB�5D?WsI�Z�I r D�H�G5PQD?W�JN|FKBMyW�DFC*G&M�I�C�ZU\I r D�H5D��YI©C(DF|�I�JNZUHÀI r KzI�C(G5wUwUDFC*I�I r K7I�I r D¤K7| r JND�O0DF�<�sDTKBM�I r SuJNH<\�K7|?ITS r KBC#KQMNZ��O0ZUMLKzI�JNMNJVIÌ�0aI�tZz�sD�O0D?WTS+�sD#�5Z�H&Z�I r KFO0DvKBH@�.I r D?Z�W�D?I�JN|FKBM[wUG&K7W
KBH@I�DFDFCFaÂxD���I��sDh�5DFC(|?W�J��[D�K¤|FMLK7C(C�ZU\~wUDFH5D?W
KBM�]0D?W(H&D?M�^��fKBC(D?�ÀJNH@O0DFC*I�PQD?HRI�C*I*W
K7I�DFwUJVDFCFaqsr DFC(D�C*I(W�K7I�DFwUJND?C�K7W�Dx�yK7C(DF�`ZUH.K#C(DFERG&D?H&|?D�ZU\uåY´�µ�±u´
¸[\LG5H5|?I�JNZUH

Kk : ê kd+ → ê +

aqsr D��5D?{&H&J�I�JNZUH�ZU\�K¢wUDFH5D?W�KBMNJN�FD?��]0D?W�H5DFM�^¯�yK7C(DF��C*I(W
KzI�DFw��<XfK7W�KBMNMNDFMVC�I r K7IvZU\
BK�5D?{&H5DF��K7�[Z�O0D©�tJVI r I r D#ZUH5MV�.�5JVÁuD?W(DFH5|FD©I r K7ItJNH¢I r D©�&D�{fH5JNH5w�DFE�G&K7I(JNZUH�Æ b Ë�ZU\I r DoDFMNDFPQDFH@I
K7W(��C�I(W
K7I�D?wUJNDFC

H(k,`) SzI r DoX[Z�W*I�\LZUMNJNZsO0DF|?I�Z�W b(k,`)(xn−1
1 , s)

JNCÎ�5D?{&H5DF�
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b(k,`)(xn−1

1 , s) =
K7W�w�P`Kz�
b � ∆d ∏

k<i<n

î b , xi ï w
(k,`)
i∑

k<j<n w
(k,`)
j ,

� r D�W�D�I r D��sDFJNw r I�C
w

(k,`)
i

K7W�D��5D?{&H&D?�¢���
w

(k,`)
i = Kk õ `(xi−1i−k − s) öKBH5�

0/0
JVCxG5H5�5D?W�C*I�ZRZ��¢KBC
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aÐ��fC*D?W(O0DlI r KzI�JN\

Kk
JNC�I r D�G&H5JN\LZ�W(P Æ�Z�W�PQZzO�JNH5w���JNH5�5Zz��Ë�]0D?W�H5DFM

Kk(x) =¥ g x gih c Æ x é¢ê kd+ ËuI r DFH��sD�W�D?|FZzO0D�WÎI r D��&D�{fH5JVI(JNZUH�ZU\RI r D�C*I(W
K7I(DFw��
BK

JNH@I(W�ZR�&G5|FD?�K7�uZzO0D�a q ��X&JN|FKBMÎH5ZUH�G5H5JN\LZ�W�Pÿ]0D?W�H5DFMNC�K7C(C(JNwUH�K¤C(P`K7MNMND?W��sDFJNw r ItI�Z�I r ZUC(D
xi
\LZ�W� r JV| r I r D#�&JVC*I
KBH5|FDvZU\

xi−1i−k
\NW�ZUP

s
JNC�MLK7W(wUD?WTat��G&| r ]0D?W�H5DFMNC�X5W�ZUPQJVC(D#K��[D?I(I�D�WX5W�DF�5JN|�I�JNZUH2ZU\¹I r DvMNZR|TKBMÎC�I(W�G5|?I�G+W�DhZU\¹I r Dv|FZUH5�5JVI�JVZUHfK7M>�5JNC*I*W�JV�&G+I�JNZUH_a q�r DhH5D��YIW�D?C(G5MVI�D���I�DFH5�5C q�r DFZ�W(DFP � I�Z`Kl|FMLKBC(CxZU\~wUDFH5D?W
KBM�]0D?W�H5DFMNCFa q�r D#X5W�ZRZU\¹JNCtwUJ�O0DFHJNH���DF|?I�JVZUH�Ö�aj =�-0354�-�Q ¦�§�~�~����¨oFv�n��-v�x�rut#o.�5��n
k = 1, 2, . . .

v�n�o:©ªo=t��«o�z
Kk

{i~e~��I�=n¬v�n��-vv�n�o=t�o¬o�­-{�~=v�~®�D�«ru�H¯°{��«�=t�o.�-~�{����cx����«��vi{<ru�
φk

�5oi±%�«o��²ru� ê +

�U{iv�n
φk(+0) >

0
�@�b�2MNJVP

t→∞ tdφk(t) = 0
~��I�=n³v�n��-v´x�rutE~�ru�¨o¨�.ru�H~=v<�@�Hv�~

c1, c2 > 0 � x�rut�-z�z
x é¢ê kd+ �

c1φk( K x K ) ñ Kk(x) ñ c2φk( K x K ) .l'n�o=��v�n�o�©ªo�t��«o�zV¯¶µ��-~�o��qp�rutwvyx�r@z·{<rD~��=n�o=��o£�5o�±%�«o.�²��µ=ru�ªo�{i~7���s{��\o�tw~��-zs�d{�v�nt=o=~}pso��=v7v?r¸v�n�oE�=z¹�-~=~�rZxº�-z�zdo=t}��r��@{<�»pHt�r���o�~�~�o�~¬~�����n�v�n��-v´3
{|
MNZUw
X(j)|} < ∞ �x�rut

j = 1, 2, . . .d �¼ ½ i�Ý�nog_p�n�Ý�ß¡p�Ü Ú.ß�ÙsÜ Ùsehg�Ý�g_p�j#e Ý�e`k e�m`Ü Ù�iÎp�n�Ý�ß iÎÙ´Y]_m`ß
g¢]
qsr DtX&G5W*X[ZUC(D�ZU\uI r JNCoC(DF|?I(JNZUH`JNCoI�Zh�5JNC*|FG5C(C�C(ZUPQDxJNC(C(G5DFC�ZU\uI r DxX&W�KB|?I�JN|FKBMfJVP�XfMVD�^PQDFH@I
K7I�JVZUH#ZU\+I r D�JNH@O0DFC*I�PQDFH@I�C*I*W
K7I�DFwUJVDFC

BH
KBH5�

BK
�5DFC*|?W�JV�[D?��JVHvI r D�X5W�D?OYJVZUG&CC(D?|?I�JNZUH5C~KBH5�hI�Z�W�D?X[Z�W*I~H�G5PQD?W�JN|FKBM@W(DFC(G5MVI�C¹ZU\+I r DsK7X5X&MNJN|TKzI�JNZUHvZU\+I r DsKBMNwUZ�W(JVI r PQCI�Z�W�DTKBM[{&H&KBH5|FJLKBM[�&K7I�K�a
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à�Z�I r C�I(W
K7I�D?wUJNDFC r KTO0DlJNH<|?ZUPQPQZUH�I r KzI�I r D��ÀG5C(D¤KBH�JNH+{&H5JVI�D�K7W*W
KF�ÀZU\oD���^X[D�W(I�CFa�}�H<X5W
KB|�I�JN|FD�S_ZUH5D�| r ZRZUC(DFC©IÌ�sZ`X[ZUC(JVI(JVO0D�JNHRI�D?wUD?W�C
K
KBH5�

L
K7H&�ÀW�D?X&MLKB|FDI r DlJNH+{fH5JVI(D¤K7W*W
KF�<ZU\�DFMVDFPQDFHRI�K7W(��C*I(W
KzI�DFwUJNDFC�����K.{&H5JVI�DlK7W(W
KF��ZU\
KL

D���X[D?W(I(C
H(k,`) S k = 1, . . . , K

S
` = 1, . . . , L

�5D?{&H&D?�`�R�2Æ � Ë�KBH5��Æ b Ë�SR\LZ�Ws�[Z�I r C*I(W
KzI�DFwUJNDFC?a¾�DF|TKBMNM�I r KzI
k
JNC�I r D�MNDFH5w�I r ZU\oI r D�W�DF|FD?HRIvP`KzW(]0D?I r JNC*I�Z�W(��P`KzI�| r D?�À���À�&K7I
KJNH2I r DhXfKBC*I�KBH5�
`
JNH5�&D��+DFC�I r Dh{&H5DFH5DFC(C�ZU\�I r Dh�5JNC*|?W�D?I�JV�TK7I�JNZUH2C*| r DFPQD�JNH�G5C(D�SG5C(G&KBMNM��¢{&H5D?W�KBC

`
JNH5|?W�DTK7C(D�a©Ï<D�KBMNC(Z`JNH5|FMVG&�5D�SuKBC�KBH<K7�&�5JVI(JNZUH&KBM>D��YX[D?W*ITSu��JVI rJNH5�5D��

k = ` = 0
S¹I r D`C*I(W
K7I(DFw���I r K7I�G5C(DFChI r D`\LG5MNM r JNC*I�Z�W(�<I�Z�|TKBMN|FG5MLKzI�D�I r DX[Z�W*I�\LZUMNJNZh���

h(0,0)(xn−1
1 ) =

KzW�woP`K��
b � ∆d ∏

0<i<n

î b , xi ï , n > 1 .

}�H#KBMNM�|TK7C(DFC_W�D?X[Z�W(I(DF�©�[D?MNZz�<�sD�G5C(D?�©I r D~G5H&JV\LZ�W�P �5JNC*I(W�J��fG+I�JVZUH
{qk,`} = 1/(KL+

1)
Z�O0D?WtI r D©D��YXuD?W(I�C�JNH�G5C(D�aqsr D.H5D��YIlI
K7�&MND`wUJVO0DFClK�C(| r D?P`K7I�JN|`�5DFC(|?W(JVX5I�JNZUH§ZU\tI r D¢K7MNwUZ�W�JVI r P JVP�XfMVD�^PQDFH@I�JNH5whI r D©C�I(W
K7I�D?wUJNDFCs�5DFC(|?W�J��[DF��JNH2��DF|?I�JNZUH5C b KBH5�2¬Ya
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º�JVO0DFH
x1, . . . , xn−1 é Rd SfI�ZQ|FZUP�X&G+I�D�I r D#X[Z�W(I�\LZUMVJNZ¤\LZ�W�I r D n ^¯I r I(W
KB�5JNH5wXuD?W�JNZR��Sk�T�\LZ�WxDTKB| r D���X[D?W(I

(k, `)
S
k = 1..K

S
` = 1..L

�5Zk5T¿kÁÀªÂ�Ã-Ä-Å-ÆªÇ�È�É@ÊwÆ�Â�Ë@Ì!Í�Î¤Ï?Ð�Ñ-G�|FZUMNMND?|?IvI r D`�&K7I
K¢\NW�ZUP I r ZUC*D`I*W
KBJNH5JNH5wX[D?W�JVZ��5C<JNH I r D§XfKBC*I�I r K7I<\LZUMNMNZ��sDF� K
k
^�X[D?W(JNZ�� C*I*W�JNH5w C(JNPQJ¥^MLK7WvI(Z

xn−k, . . . , xn−1

KBH5��XfMNKB|FD¤I r DFC*D�X[D?W�JNZR�5C#JNH�I r D r JNC�I�Z�W(�MNJNC*IFa Ï r KzI;$�C(JNPQJNMLKzW<&�PQDTKBH5CQ�5D?X[DFH5�5C�ZUH�� r D?I r D?W.�sD�G&C*D<Kr JNC*I�ZUw�W
K7P¤^��fKBC(DF��C*I(W�K7I�DFw��.Æ�C(D?Dx�[DFMVZz��Ë¹Z�W�K�]0D?W�H5DFM�^¯�yK7C(DF�QC*I(W�K7I*^DFw��0Su� r D?W(DlK7MNM>XfKBC*I�X[D�W�JNZ��5C�KzW�Dh�sDFJNw r I(DF��KBC��&D?C(|?W�JV�uDF�ÀJVH�I r DX5W�D?OYJVZUG&C�C(DF|�I�JNZUH_ak5TV¦ÓÒ\Ô�Õ5É=Ã�ÉwÖ�Ç@×�ØªÇ�ËuÈ�É@ÊwÆ�Â�Ë@Ì!Í�Î¤Ï?Ð�Ñ-G�{&H&�vI r DoX[Z�W(I�\LZUMNJVZ
hk,`

I r K7I�P`Kz�R^JNPQJN�FD?C��sDTKBMVI r \LZ�W�I r DlDFP�X&JVW(JN|TKBM>�&JVC*I(W�JV�&G+I�JNZUH2ZU\�I r D��fKzI
KQ|FZUM�^MNDF|?I(DF��JNH¢I r D r JNC*I�Z�W*�`MNJNC*I J¦�TÙÀªÂ�Ã-Ú�É=Û\Ç�Ü�Â�ËuÆ-Ý\Â@ÐªÉ�Â-Ê-G��sD?JNw r I�JVH&w�I r D�D���X[D?W(I�C��tJVI r I r D��sDFKBMVI r K7| r JND�O0DF�C(Z©\�KzWTS@KBH5��Kd$�X5W�JVZ�W<&�X5W�Z��fK7�&JNMNJ�I!�©�5JNC*I(W(JV�&G5I(JNZUH
q(k, `)

SUZ��&I�KBJNH�K�X[Z�W(I*^\LZUMNJNZ
bn

I�ZlJNHRO0DFC�ItJNH�I r D©|FG+W(W(DFHRI�X[D?W�JVZ��
n
a

qsr DFH_S5G&C*JNH5w�I r D�H5D?��MV��KB|?E�G5JVW�DF���&K7I
K
xn
SÞ T�G+X[�&K7I�D�I r D��sDTKBMVI r \LZ�W�DFKB| r D��YXuD?W(I�K7H&�.I r D#|FG+W(W(DFHRItKB|?I�G&KBM[�sDTK7MVI r Jß T�C*I(Z�W�D

xn
\LZ�W�G5C(D�JNH2I r DhH5D��YI�X[D?W(JNZ��_Sy�5JNC*|?W�D?I�JV�FJNH5wQJVI�JNH2I r D r JNC*I(ZUw�W
KBP|TKBC(D�a

q ZQ�5DFC(|�W�JV�[DvX5W�DF|?JNC(DFMV�¢I r D r JVC*I�ZUw�W
KBP¤^¯�fKBC(DF��C�I(W
K7I�D?w��
BH

G5C(DF��JNH�ZUG+W�D���^X[D�W�JNPQDFH@I�CFS��sD�H5DFDF�¢I(Z¤�5D?{&H5D�I r D�|FDFMVMNCsZU\>I r D�XyKzW(I�JVI�JVZUH&C'A
`

�5D?I�D?W�PQJVH&JVH&wvI r DD���X[D?W(I(CFa���JNH5|FDvIÌ��X&JN|TK7M>OBKBMNG5DFC�ZU\¹I r D#X5W�JN|FDvW(DFMLK7I�J�O0DFC
x(j)
n

|FZUH5|FD?HRI(W
KzI�D�K7W�ZUG5H5�
1
S+�sD©G&C*DF��I r D©\LZUMVMNZz�tJNH5w�C(| r D?PQD�a�º�JVO0DFH

` é 1, . . . , L S+JNH¢DTKB| r �5JNPQDFH5C(JNZUH`�sDG5C(D
M = 2 + 2`

|FDFMNMVCFa2Í+Z�W
x é�ê S�I r DQJNH5�5D�� q ZU\xJVI(Cv|FDFMNM�JNCv|FZUP�X&G+I�DF�§KBC
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\LZUMNMVZz�tCFa!à�D?{&H&D
a = 1/2(1+ 2

MNZUw
10 `)

KBH5�
w = a−1/` a q�r DFH

q =





0
JN\
x ñ a

1+ á ùûú�ü (x/a)ùûú�ü w â JN\
x é (a, 1]

`+ 1+ á ùûú�ü (ax)+` ù ú�ü wùûú�ü w â JN\
x é (1, 1/a]

2`+ 1
JN\
x > 1/aqsr G5CFS+I r D�|FDFMNM[�[ZUG5H5�&K7W�JND?CsK7W�D

0, a, aw, . . . , aw`, 1, a−1w−`, . . . , a−1,∞ S�wUJVOR^JNH5wtKsOBK7W�JLKz�fMVD�^��tJN�+I r w�W�JV�#I r K7I��[DF|FZUPQDFC_{&H5D?W�|FMVZUC(DoI�Z
1
a qsr DFHh\LZ�W¹KBH@�

x é Rd S
G`(x)

S+JNCsI r D�O0DF|?I�Z�WtZU\ÎJNH@I�DFwUD?W�C
{q(j)}j=1,...,d

aq Z�JVP�XfMVDFPQDFHRI¤I r D<]0D?W�H5DFM�^¯�fKBC(DF�ÄJNH@O0DFC*I�PQDFH@I¢C�I(W
K7I�D?w��
BK

�5DFC*|?W�JV�[D?�¡JVH��DF|�I�JNZUH�¬YS_ZUH5D�H&D?DF�5C�I�Z.| r Z�ZUC(D�I r Dh]0D?W�H5DFM�\LG&H5|?I(JNZUH
K
ah}�H<I r D�D���X[D?W�JNPQD?HRI�CW�D�X[Z�W(I�DF� r D�W�Dl�sD�G5C(DF��I r D�C(JNP�X&MND7$ÌPQZ�OYJVH&wB^¯��JNH5�5Z��e&�]0D?W�H5DFM

K(x) =
¥ g x gih ck� r D�W�D K ð K JNC¹I r D�DFG5|FMNJN�5DTKBH�H5Z�W�P KBH5�¤I(W�JVDF�¤�5JVÁyD?W�DFH@Io| r ZUJN|FD?CoZU\&I r Dx|FZUH5C*I�KBHRI�C

ck
S0KBMNM@ZU\+I r D�\LZ�W�P

ck = ckd
SU\LZ�W¹�5JVÁuD�W�DFHRIÎO�KBMVG&D?C¹\LZ�W

c
aÎÏ<D��5DFH5Z�I�D�I r D�]0D?W(H&D?M�^�fKBC(D?��C*I(W
KzI�DFw��`��JVI r I r D�PQZzO�JNH5wB^���JVH&�5Z���]0D?W(H&D?MÎKBH5��|?ZUH&C�I
KBHRI(C

ck = ckd
�R�

BK(c)
aq Z#{&H5��I r DxXuZ�W(I�\LZUMNJNZ�I r K7IoC(ZUMVO0DFCoI r DtP`Kz�YJNPQJN�TK7I(JNZUH#X5W�Z��&MNDFP JNH2Æ � Ë¹Z�W�Æ b Ë�sD�G5C(D©I r D�W�ZUG+I�JNH5DFC%ãª×�ä-åuÜªæ�ZU\¹�RX[D?MNMNG5|F|FJ�« b ¬z®�aP�--Q<9�4SRIT�Æ����b�d��¡��u�@������Ç��H�/���>Éw�b��Ë q Z�wUJVO0D�KBH¢JV�&DFKvZU\�I r D�|FZUP�X&G+I
K7I�JVZUHfK7M|FZUC�IsZU\_I r D�X5W�Z�XuZUC(DF��KBMNwUZ�W�JVI r PQC?S�W�G5H&H5JNH5wvI r D�D��YX[D?W(JNPQDFHRI�KBMyC*I(G&�+�QG5C(JVH&wvI r DG5H5JN\LZ�W�P ]0D�W�H5DFM�ZUH�I r D2\LG&MVM�Ç&È�É�Ê��fKzI
KBC(D?I��&D?C(|?W�JV�uDF���uDFMNZ��ÔI�ZRZ�]¿K7�uZUG5I ��br ZUG+W�C�ZUHÀK¬ç�DFZUH b a âUâ º7�t�v�fKBC*DF�À|?ZUP�XfG+I�D�WTa q�r JNC�PQDFKBH5CtI r K7I�I�Z`|FZUP�X&G+I�DI r D�X[Z�W(I�\LZUMNJVZ©ZU\[¬ � KBC(C(D?I(C�\LZ�WsK�C(JNH5wUMND�X[D?W�JVZ��_S�Kz�[ZUG+I�á©C(DF|FZUH5�5C�K7W�DxH5DFDF�5DF�`ZUHKFO0D?W
K7wUD�a�Ð�\5|FZUG+W�C*D�SUW�DTKBM�^¯I�JNPQD�JNP�X&MNDFPQDFH@I
K7I�JVZUH�ZU\+I r DFC*D�JNHRO0DFC�I�PQDFHRIÎC*I(W
KzI�DFwUJNDFC�sZUG5MN�.W�DFE�G5JVW(D©C*I(Z�W
KBwUD�ZU\��5JNC(|?W�D�I�JN�FDF�¢�fKzI
K�KBH5�¢O�K7MNG5DFCtZU\ÎXuD?W�\LZ�W�P`KBH5|FD�ZU\ÎI r DD���X[D?W(I(CoG5C(DF�_SU�&G+I�I r DsD���I(W
K�|FZUP�X&G+I
K7I�JVZUHfK7MR|FZUC�I�ZU\5W�DTKB�5JNH5w�I r DFC(D�C*I�Z�W(DF���&K7I
KJNC�H5DFwUMNJNwUJ��fMVD�a

èêé:ëíì�î\ï�ð�ñ¤ò»îªìsó�éeòiôªó
Ï<D�I�D?C*I�DF��I r D�JNHRO0D?C*I�PQDFH@IxC�I(W
K7I�D?wUJNDFC�ZUH¢IÌ�sZ¤�5JVÁuD�W�DFHRIxC(D?I(CtZU\>{&H&KBH5|FJLK7M[�fKzI
K�aÐ�H5DÀZU\�I r DFC(D�JNC.K�C*I
KBH5�&K7W��¾C(D?I.ZU\hÂ�D?� Ã�Z�W(]¾�RI�ZR|
]�Å��+| r KBH5wUD��fKzI
K�G5C(DF��R�ÀªsZ�O0D?Wl« �Tâ ®¯S���JNH5wUD?W�« bUb ®�SH�tDFP��[ZUMN�_Su��| r K7X&JVW(D�S���JNH5wUD?WTS[K7H&��Ï�KzW�PlG+I r « � á7®�S

��½



à�MNG5P K7H&�õ��KBMLK7J�« Öz®¯S�à�Z�W�Z��5JNH_S~Å~M�^�ÃoKBH5JVOyS�KBH5��º�ZUw0KBH�« � ®�S~KBH5�§Z�I r D?W�CFa qsr DZ�I r D?WxJNCsD��Y| r KBH5wUD�W
K7I�D��&K7I
Kv�[D?IÌ�sDFDFH�£���ölKBH5�¢D?JNw r IxZ�I r D?Wx|FG+W(W�DFH5|FJND?CFaqsr D#Ç&È�É�Ê��&K7I
K#C*D?I�JNH5|FMNG5�5DFC��&KBJNMV��X5W�JN|FD?C�ZU\�¬ � KBC(C*D?I�C�KBMNZUH5whK bUb ^¯�0DTK7W�X[D�^W�JVZ��2ÆÌÖ � Ö � I*W
KB�5JNH5wv�&KF�YC
ËoD?H&�5JNH5whJNH � 	Uá0Ö�a qsr JNC�PQDTK7H&C�I r K7I
d = 36

a�à�D?|TKBG5C(DZU\uI r JNCoMLK7W�wUDx�5JNPQDFH5C(JNZUH&KBMNJ�I!�0S7ZUG+W�|FG+W(W�D?HRIsJNP�X&MNDFPQD?HRI
K7I(JNZUHh|TKBH5H5Z�I r KBH5�5MNDxI r Dr JNC*I(ZUw�W
KBPäC*I(W
KzI�DFw��0a q K7�&MND � C*G&PQP`KzW�JN�FDFC�I r D��sDTKBMVI r KB| r JND?O0DF���R�¤I r Ds]0D?W�H5DFM�^�fKBC(D?��C*I*W
K7I�DFw���\LZ�W�I r W�DFD��5JVÁuD?W(DFHRIs| r ZUJN|FDFC�ZU\_I r D�|FZUH5C*I
K7HRI
c
ao}�H�KBMNMy|TKBC(DFC?SY�sDG5C(D

K = 5, L = 10
a�Í+Z�W�I r D©C(K7]0D#ZU\>|FZUP�XfK7W�JNC(ZUH_S@�sD#KBMVC(Z¤JNH5�5JN|TKzI�D�I r D��sDFKBMVI rKB| r JND?O0D?�§�R�<I r D��[DFC�I�|FZUH5C*I
KBH@I�MV��W�D?�fKBMLKBH5|FD?��XuZ�W(I�\LZUMNJNZÀÆ}÷������+Ë�a�ÆÌÂ�Z�I�D¤I r K7II r JNCÙ$!KBH@I�JN|FJVXfK7I(JNH5w�&�X[Z�W(I�\LZUMNJVZ��5Z�DFChH5Z�I�|FZ�W(W(DFC*X[ZUH5��I�Z�KBHR��OBKBMNJV�§JVHRO0DFC*I(PQDFHRIC*I*W
K7I�DFw���C(JVH&|?D�I r DD÷5�5����|TKBH�ZUH5MV�2�uDl�5D?I�D�W�PQJNH5DF��JNH r JNH5�5C(JNw r IFa�Ë qsr D�PQZUC*IJNP�XuZ�W(I
KBH@I_\LDTK7I�G+W�D�JVC>I r K7I�KB\NI�D?W�I r D�� r ZUMND bUb ^��0DTK7WÎX[D?W�JNZR�vC(ZUPQD~O0D?W�C(JVZUH&CÎZU\

BKP�G5MVI�JVX&MV�hI r DFJ�WsJNH5JVI�JLKBM5�sDTKBM�I r ���.Kv\�KB|�I�Z�W�ZU\�PQZ�W(DtI r KBH`{&O0D�^ r G5H5�+W�DF��PQJNMNMNJNZUH_a¨ |FMNZUC*D?W¤JVH&C�X[DF|?I�JVZUH�ZU\�I r D.W�D?C(G5MVI�ChW�D?O0DTK7M�I r K7I�I r D?W(D�JNC�K�C(P`KBMNM�H�G5P��uD?W�ZU\DFMVDFPQDFHRI�K7W(��C*I(W�K7I�DFwUJND?CoW�DFC�X[ZUH5C(JV�&MND�\LZ�W�I r JNCoC*X[DF|?I�KB|FG5MLK7Wow�W�Z��tI r a qsr JNC��5DFPQZUHY^C*I*W
K7I�DFC r Zz�
BK

JNC#K7�&MND�I�Z�D���XfMVZUJVI#D�ÁuDF|?I(JVO0DFMV� r JN�5�&D?H��5D?X[DFH5�5DFH5|FDFC#I r KzIhK7W�D�5JV ¤|FG5MVI~I�Z©W�D�O0DTKBM&Z�I r D?W(��JVC(D�a~}¯IoJNCoJVHRI�D?W(DFC*I�JNH5w�I�Z#H5Z�I�DsI r K7I�JNH¤I r D�C(DF|?ZUH&� r KBMV\ZU\�I r D�X[D?W�JNZR��I r Dvw�W�Z��tI r JNC�C(JNwUH5JV{&|TK7HRI�MV�`\�K7C*I�D?W�I r K7H2JNH�I r D#{5W�C*ITa qsr JNCtP`KF��[D��5G5D©I�Z�I r D#\�KB|�IxI r K7IxJNH.I r D©JNH5JVI(JLKBM�$�MNDTK7W�H5JNH5w�&tX r KBC*D#H5Z�I�DFH5ZUG&w r �fKzI
K r KBC�[D?DFH�|FZUMNMVDF|?I�DF�.I�Z¤�5JNC*|FZzO0D�WtI r D�C(JNwUH5JV{&|TKBH@I�I�DFH5�5DFH5|FJNDFCFaÏ�DÀKBMNC*Z�I(DFC*I�DF�¾I r D��5JNC*|FG5C(C(DF� JVHRO0DFC*I(PQDFHRI`C*I*W
K7I�DFwUJVDFC`ZUH��&K7I
K�Z��5I
KBJVH&D?�\NW�ZUPøà�KzI
KBC*I(W(DTKBP Æ�K#|FZUPQPQD?W�|?JLKBM5�&K7I
K7�fKBC(DTË�K7�[ZUG+I�I r D�D��+| r KBH5wUD�W
K7I�D�I�Z�£���öZU\�C(D�O0D?W
KBM�|FG+W(W(DFH5|FJNDFCFa�}�H�XfK7W*I�JN|FG5MLK7WFS>�sDQwUZ�Iv�&KBJVMV�ÀOBK7W�JNK7I�JNZUH5CFS���JVI r W(DFC*X[DF|�II�ZQI r D�£���ö�S_\NW�ZUPù(�K7W�| r b Ö�S � 	UáUá`I�Z�(�K7W(| r bU½ S b�âUâ ¬YS_KQI(Z�I
KBM�ZU\
N = 3914X[D�W�JNZ��5CFS_ZU\�I r D�DFJNw r I�|FG+W(W�DFH5|FJND?C#MNJNC�I�DF�<JVH q K7�&MND b a q�r D�I
K7�&MND�KBMNC(Z�MNJNC*I(C�I r D{&H&KBM_O�KBMVG&D©ZU\�ZUH5D#JNH5JVI(JLKBM_£���ölJVHRO0DFC*I(DF��JNH�DTKB| r |FG+W(W�D?H&|��2KBH5��I r D#PQJVH&JVPlG5P2Sb Ö7I r X[D?W�|?DFHRI�JVMND�S+PQDF�5JLKBH_S ½ Ö7I r X[D?W(|FDFHRI(JNMND©KBH5�¢P`Kz�YJNPlG5P ZU\�DTKB| r C(D?W(JNDFCFaqsr DvKB| r JVD?O0DF���sDTKBM�I r ZU\�I r D r JNC�I�ZUw�W
KBP¤^(S+KBH5��]0D?W�H5DFM�^¯�fKBC(DF��C*I(W�K7I�DFwUJND?C�K7W�DMNJVC*I�DF�ÀJNH q K7�&MND�¬Ya qsr D¤H�G5P��[D?W�C�C r Z�� I r D��sDTKBMVI r KB| r JVD?O0DF�_SÎJNH�£��À�5ZUMNMLK7W(CFSKB\NI(D?W©KBHÀJVH&J�I�JLKBM>JNHRO0DFC�I�PQDFHRI�ZU\ � £���öQG&H5JN\LZ�W(PQMV�¢�5JVO�JN�5DF�ÀKBPQZUH5wQKBMNMÎI r D�|FG+W*^W�D?H&|?JNDFC¹JNH5|FMNG5�5DF��JNH�I r D��&K7I
K�C(D?IsÆ¯J�a­D�a�S

d = 8
Ë�KBH5��I r DFH�W(G&H5H5JNH5w�I r D�C*I(W�K7I�DFwUJND?CKBMVZUH&wxI r D�\LG5MNMRX[D?W�JNZR�vW
KBH5wUD�a~}�H�I r D r JNC*I�ZUw�W
K7P |TKBC*Ds�sD�G5C(D

K = 3, L = 5
� r JNMND\LZ�W�I r D©]0D?W(H&D?M�^��fKBC(D?��C*I(W
KzI�DFw��`�sD#G5C(D�I r D©C(D�I(I�JNH5w�X&W(D?OYJNZUG5C(M��`�&D?C(|?W�JV�uDF�_a qsr Dw�W�Z��tI r ZU\��sDTK7MVI r \LZ�W

BK(0.1)
�&G+W�JVH&w.I r D�� r ZUMNDhX[D?W�JNZR��JNC�C r Zz�tH�JNH�Í>JNwUG+W�D

� á
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BK(2) BK(1.00) BK(0.5)Ö âUâ � ¬Ya â0½ Õ+a�Ö�¬u	 Õ+a b�� Ö b a ½ Ö�	�TâUâUâ ½ a­¬ b Õ ¬Ya áu	�Õ Ö�a �U� ¬ Õ+a­Õ â0b� Ö âUâ ��� a â ¬ ½ a �0bY� 	Ya­á â Ö ½ ay	 â 	b�âUâUâ �Tâ a bY� ½ a â Ö b ½ a Ö�¬0Ö � ay	 â+�b Ö âUâ ��½ aÑÕ0á ¬u	Ya ¬0Ö Õ â a â á ¬�Õ+a á ½¬ âUâUâ � áYa­á � ¬ bY� a ½ á0Ö�¬Ya­¬ Ö â Ö�a â¬0Ö âUâ ¬�Õ+a Ö ½ b á ½�� b a b ¬ � Dwú�Õ � a � Õ � D�ú�ÕÕ âUâUâ ÖUÖ�a Ö b Õ+a ½ 	 ½ ÕUDwú�Õ áYay	 � á�Dwú�Ö Ö�a�Ö�¬ � D�ú©ÖÕ@Ö âUâ �Tâu� a­á b a Ö�á â0b Dwú©Ö Ö�a­ÕUÕ ½ Dwú � ¬Ya �U��� D�ú �Ö âUâUâ ��b Ö�aÑÕ 	Ya â ¬0ÖBDwú©Ö Õ+a â ¬ â Dwú ½ b a â áU¬�D�ú ½ÖUÖ âUâ b��0½ a­á Ö�a �u�0b Dwú � Õ+a ½Ub ÖBDwú â á b a �Tâ ¬�D�ú�áÖ � Ö � b Ö â a � ½ a â ¬ ½ Dwú � Ö�a �0bU½ Dwú â á b a � ¬U¬�D�ú�á

q Kz�fMVD � GsÏ�DTKBM�I r KB| r JND?O0DF������OBK7W�JVZUG&CxO0D?W�C(JNZUH5C�ZU\¹I r Dv]0D?W�H5DFM¥^��fKBC(DF��C*I(W�K7I�DFw��
BK
ax}�H�KBMNM�|TKBC*DFC�ZUH5DvG5H&J�ItJNCtJNHRO0DFC�I�DF��JNH�I r D©{5W�C�I�X[D?W�JVZ���G5H5JN\LZ�W�PQMV�`JVH�KBMNM>¬ �C*I(Z�|�]YC�JNH5|FMNG5�5DF��JVH�ZUG+W.Ç&È�É�Ê��fKzI
K2C(D?ITa

BK(c)
JVC�I r D`]0D?W�H5DFM�C*I(W�K7I�DFw�����J�I r|FZUH5C*I�KBHRI

c
KBH5�¨÷�������JNCsI r D��[DFC*Ix|FZUH5C*I
KBH@I�MV�QW�D��yK7MLKBH5|FDF�¢XuZ�W(I�\LZUMNJNZ+a

� 	



ª�G+W(W�DFH5|?� ÍÎJNH&KBM (¢JNH
p25

(¢DF�5JLK7H
p75

(�K����JNH5w0K7XuZ�Z�W�DÙà�ZUMNMLKzW � a � ¬Uá ^ â a â0b Õ ½ ^ â a âUâ+��b â a âUâUâ â a âUâ+� ¬ â a â ¬ ½ 	ÂxZ�W*�sDFwUJLKBH¢ª�W(Zz�tH â a­á0Ö � ^ â a â Ö b 	 ^ â a âUâ ¬�Õ@Ö â a âUâUâ â a âUâ ¬ ½ â a â Õ@	�R�tJNC(C�ÍYW
KBH5| � a âUâ0½ ^ â a â Õ0á ^ â a âUâ ÕUÕ â a âUâUâ â a âUâ ÕUÕ â a â ÖBÕÅoª�£:û�Å�G+W�Z â a­á �0½ ^ â a â Ö â ^ â a âUâ ¬0Ö â a âUâUâ â a âUâ ¬0Ö â a â ¬�Õ}�C*W�KBDFMNJ�� r D?]0DFM â a­¬U¬ b ¬ ^ â a �U� Ö � ^ â a âUâ+��½ â a âUâUâ â a âUâ+� Ö â a ��bUbY�}�H5�5JLKBH�¾xG+X[DFD â a bU½ Õ0¬ ^ â a â á � 	 ^ â a âUâUâ ¬ â a âUâUâ â a âUâUâ0b â a âu�u�0½ªsKBH&KB�5JLKBH�à�ZUMNMLK7W â a­á�Õ@	 ^ â a â+��½ ^ â a âUâ+� á â a âUâUâ â a âUâ+� á â a â+� 	 âàoW�J�I�JNC r�ü ZUG5H5� â a­á0Ö â Õ ^ â a â Õ b�â ^ â a âUâ ¬ � â a âUâUâ â a âUâ ¬U¬ â a â Õ0¬ �
q Kz�fMVD b G���ZUPQD.�5DFC(|?W(JVX5I�JVO0D¢C�I
K7I�JNC�I�JN|FC�K7�[ZUG+I�I r D�D��Y| r KBH5wUD.W
K7I�D��fKzI
KÀG5C(DF�_a��DF|?ZUH&��|FZUMVG&PQH<MNJNC*I�C��sDTKBM�I r JNH�£���ö�K7| r JND�O0DF������JVHRO0DFC*I(JNH5w�ZUH5D�£���ö¢JNH�I r D{5W�C*I�X[D�W�JNZ���JNH�I r Dl|FZ�W*W�DFC*X[ZUH5�5JNH5w`|FG+W(W�DFH5|?�0a qsr D�W�D?C*I#ZU\�I r D�|FZUMNG5PQH5C�C r Zz�I r DQPQJNH5JNP�G5P2S b Ö7I r X[D?W(|FDFHRI(JNMND�S¹PQDF�5JLK7H�S ½ Ö7I r X[D?W�|?DFHRI�JVMNDQKBH5�§P`Kz�+JNP�G5P�ZU\DTK7| r C(D?W�JND?CtZU\>W(D?I�G+W�H5C�KBMVZUH&w�I r D�\LG&MVM_W�KBH5wUD©ZU\�X[D?W�JNZR�5C�Æ

1 ñ n ñ 3914 Ë�a
Õ+a�Å¹O0DFH.I r ZUG5w r I r DtW(DFC(G5MVI�C r D?W(D�K7W�D�H5Z�I�KBC�C�X[DF|?I
K7|FG5MLK7W�K7C�JNH�I r D�|TKBC*D�ZU\_I r DÇ&È�É�Ê��&K7I
KRSyKB\NI(D?W�KBH�JNH5JVI�JNKBM[MNDTK7W(H&JVH&w�X[D?W�JVZ���ZU\�K7�[ZUG+I �TâUâUâ �&KF�YCFSyI r D�]0D?W�H5DFM�^�fKBC(D?��X[Z�W*I�\LZUMNJNZl|FMNDTK7W(MV�¢ZUG+I(XuD?W�\LZ�W�PQCtI r D©�[DFC*I�|FG+W(W(DFH5|?�0SyI r Dv�[DFC�I�|FZUH5C*I
KBH@I�MV�W�D��yK7MLKBH5|FDF�.X[Z�W(I�\LZUMNJVZ+S+KBH5�¢I r D r JVC*I�ZUw�W
KBP¤^¯�fKBC(DF�`C*I(W�K7I�DFw��0aq ZsW�DFMNJVD?O0D¹I r Do|FZUP�X&G+I
K7I(JNZUH&KBMz�&G+W��5DFH_S��sD~I(DFC*I�DF�vK�OBK7W�JNKBHRI�ZU\RI r D~�5JNC(|?G&C*C(DF�C*I*W
K7I�DFwUJVDFC[� r JN| r �sZ�W*]YC>KBC_\LZUMNMNZ���CFa q�r D�C*I(W
KzI�DFw����5JNC*I(W(JV�&G5I(DFCuI r D~JNH5JVI�JLKBMz�sDTKBMVI rD?O0D?H&M��`KBPQZUH5w�KBMNM õ d

2 ö XfKBJVW�C�ZU\�KBC(C*D?I�CFa q�r DFH�\LZ�WsDTKB| r XfKBJ�WTSRI r D r JNC*I�ZUw�W�KBP Æ�Z�W]0D?W(H&D?M�Ëo�fKBC(DF��C*I(W
K7I(DFw��`JNC�G5C(DF��JVH&�5D?XuDFH5�&D?HRI�MV�0a q�r D�{5W�C*IsW�Z�� ZU\ q Kz�fMVD�ÕlMVJNC*I�CI r D��sDTK7MVI r KB| r JND?O0DF�����hI r JNC¹C*I*W
K7I�DFw��vG&C*JNH5w�KBMNM õ 8
2 ö = 28

XfKBJVW(C¹ZU\&|?G5W*W�DFH5|FJNDFC~ZU\I r DvD��+| r KBH5wUD�W�K7I�Dv�&K7I
K�����I r Dv�5JVÁyD?W�DFH@I�PQD?I r Z��5CFa q�r DvC*DF|FZUH5�ÀW�Z�� W(D?X[Z�W(I�CK¢O0D?W(C(JNZUH§JNH�� r JN| r JNH5C*I�DTKB�§ZU\�XfKBJVW�CFS~K7MNM õ 8
3 ö = 56

I(W�JVX&MND?C#ZU\�|FG+W(W�DFH5|FJND?ClKzW�DG5C(DF�_a qsr D�I r J�W��ÀW�Z��ä|FZ�W(W(DFC*X[ZUH5�5C�I�Z�JVHRO0DFC*I(JNH5w�ZUH5D�G5H&J�I��&J�OYJN�5DF�ÀKBPQZUH5w`KBMNM
õ 36
2 ö = 630

X[ZUC(C*JV�&MND�XfKBJVW�C�ZU\>C*I�Z�|�]�CxJNH`I r DhÇ&È�ÉzÊ��&K7I
KhC(D�ITa�Ï<D�C(DFD©I r KzITSYD?O0DFHI r ZUG5w r H5Z�I r DFZ�W�D?I�JV|TKBMÎwUG&K7W�KBHRI�D?Dh|TKBH��[DvwUJVO0DFH�\LZ�W�I r DhG5H5JVO0D?W�C�K7MNJVIÌ�¢ZU\¹I r DFC*DOBK7W�JLK7HRI�CFSuI r D�HRG&PQD�W�JN|TKBM>X[D?W�\LZ�W�P`K7H&|?DhZU\�I r DFC*DlC(JVP�XfMVJV{&DF��PQD?I r ZR�&C��5ZRDFC�H&Z�I�5D?I�D�W�JNZ�W
K7I(D�C*JNwUH5JV{&|TKBHRI(MV�2Æ�JVIsD�O0DFH2JNP�X5W�Z�O0DFCsJNH¢I r D�|TKBC(D©ZU\>I r DhÇ&È�ÉzÊ`�&K7I
KUË�a}�H q K7�&MNDvÖ��sD#|?ZUP�XyKzW�D�I r D©�sDTKBMVI r KB| r JVD?O0DF������I r D#C*I*W
K7I�DFwUJVDFCt�5JNC(|?G&C*C(DF�
b�â
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BH BK

Æ â a ¬0Ë
BK
Æ â a � Ë

BK
Æ â a â ÖUËÖ âUâ � a â0½ á � a �U��b � a âu�Uâ � a � Õ@Ö � a â á0Ö�TâUâUâ � a bUbU½ � a­ÕUÕ@Ö � a ½ áUá � a
	 ½Y� � a�Ö�¬ b� Ö âUâ � a b��0b ¬Ya b ¬�Õ Ö�a Ö�á � áYa � 	Uá Ö�a bY� 	b�âUâUâ � aÑÕ b Ö � a�ÖUÖ�¬ ��b a­á � b ¬Ya â+� � ¬Ya ���b Ö âUâ � a bU½ ¬ 	Ya âUâ 	 � Ö�a bY� ¬ b a
	u	 � áYa�Ö�¬¬ âUâUâ � a ��½ á �U� a ��� bUb a bUb Ö � a
	 � b áYay	 �¬0Ö âUâ � a � Ö b b�â a â Õ Õ0¬Ya � Õ �U�U� a­á �Uâ a áu	¬u	 � Õ � a � ¬Uá ¬0Ö�a­Õ ½ áU¬Ya Ö b bUb 	Ya ½ ��b Õ+a b á

q Kz�fMVDt¬\G�Ï<DTKBMVI r KB| r JVD?O0DF�Q���lO�K7W(JNZUG5C�JNH@O0DFC*I�PQDFH@I�C*I*W
K7I�DFwUJVDFCo\LZ�W�I r D�|FG+W(W�DFH5|?�D��Y| r K7H&wUDs�&K7I
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