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Abstract

We study a family online influence maximization problems where at each time ¢t = 1, ..., 7, the
decision maker selects one from a large number of agents with the goal of maximizing influence.
Upon choosing an agent, the decision maker places a piece of information at the agent. The informa-
tion then spreads in an unobserved network over which the agents communicate. The edges of the
network are generated according to some fixed but unknown distribution. The set of influenced nodes
is the connected component of the random graph containing the vertex corresponding to the selected
agent. The goal of the decision maker is to reach as many nodes as possible. However, the decision
maker cannot observe the entire network. The available feedback is only some informartion about
a small neighborhood of the selected vertex. Our results show that such partial local observations
can be sufficient for maximizing global influence. We model the underlying random graph as a
sparse inhomogeneous Erd&s-Rényi graph. We study in detail three specific families of random
graph models: stochastic block models, Chung-Lu models and Kronecker random graphs. We show
that in these cases one may learn to maximize influence by merely observing the degree of the
selected vertex in the generated random graph. We propose sequential learning algorithms that aim at
maximizing influence, and provide their theoretical analysis in both the subcritical and supercritical
regimes of all considered models.

Keywords: Influence maximization, sequential prediction, multi-armed bandits, stochastic block
models

1. Introduction

Finding influential nodes in networks has a long history of study. The problem has been cast in
a variety of different ways according to the notion of influence and the information available to a
decision maker. We refer the reader to Kempe, Kleinberg, and Tardos (2003); Chen, Wang, and
Wang (2010); Chen, Lakshmanan, and Castillo (2013a); Vaswani, Lakshmanan, and Schmidt (2015);
Carpentier and Valko (2016); Wen, Kveton, Valko, and Vaswani (2017); Wang and Chen (2017);
Khim, Jog, and Loh (2019); Perrault, Healey, Wen, and Valko (2020) and the references therein for
recent progress in various directions.

* A part of the matarial of the paper appeared in the Proceedings of ALT 2019
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The most studied influence maximization setup is an offline discrete optimization problem of
finding the set of the most influential nodes in a network. This setup assumes that the probability
of influencing is known, or at least data is available that allows one to estimate these probabilities.
However, such information is often not available or is difficult to obtain. Also, the network over
which information spreads is rarely fixed. To avoid such assumptions, we introduce a novel model of
influence maximization in a sequential setup, where the underlying network changes every time and
the learner has only partial information about the set of influenced nodes.

Specifically, we define and explore a sequential decision-making model in which the goal of a
decision maker is to find one among a set of n agents with maximal (expected) influence.

We parametrize the information spreading mechanism by a symmetric n X n matrix P, whose
entries p; j € [0, 1] express “affinity” or “probability of communication” between agents 7 and j.
We assume that p; ; = 0 for all ¢ € [n]. The matrix P defines an inhomogeneous random graph G
in a natural way: an (undirected) edge is present between nodes i < j with probability p; ; and all
edges are independent. When two nodes are connected by an edge, information flows between the
corresponding agents. Hence, a piece of information placed at a node ¢ spreads to the nodes of the
entire connected component of ¢ in G.

In the sequential decision-making process we study, an independent random graph is formed at
each time instance ¢t = 1,...,T on the vertex set [n]. The random graph formed at time ¢ is denoted
by G:. Hence, G4, ..., Gr is an independent, identically distributed sequence of random graphs on
the vertex set [n], whose distribution is determined by the matrix P.

If the decision maker selects a node a € [n] at time ¢, then the information placed at the node
spreads to every node of the connected component of a in the graph G;.

The goal of the decision maker is to spread information as much as possible, that is, to reach as
many agents as possible. The reward of the decision maker at time ¢ is the number of nodes in the
connected component containing the selected node in Gy.

In this paper, we study a setting where the decision maker has no prior knowledge of the
distribution P, so she has to learn about this distribution on the fly, while simultaneously attempting
to maximize the total reward. This gives rise to a dilemma of exploration versus exploitation,
commonly studied within the framework of multi-armed bandit problems (for a survey, see Bubeck
and Cesa-Bianchi (2012)). Indeed, if the decision maker could observe the size of the set of all
influenced nodes in every round, the sequential influence maximization problem outlined above could
be naturally formulated as a stochastic multi-armed bandit problem Lai and Robbins (1985); Auer,
Cesa-Bianchi, and Fischer (2002a). However, this direct approach has multiple drawbacks. First of
all, in many applications, the number n of nodes is so large that one cannot even hope to maintain
individual statistics about each of them, let alone expect any algorithm to identify the most influential
node in any reasonable time. More importantly, in most cases of interest, tracking down the set of
all influenced agents may be difficult or downright impossible due to privacy and computational
considerations. This motivates the study of a more restrictive setting where the decision maker has to
manage with only partial observations of the set of influenced nodes.

We address this latter challenge by considering a more realistic observation model, where after
selecting an agent A; to be influenced, the learner only observes a local neighbourhood of A; in
the realized random graph G; , or even only the number of immediate neighbours of A; (i.e., the
degree of vertex A; in Gy). This model raises the following question: is it possible to maximize
global influence while only having access to such local measurements? Our key technical result is
answering this question in the positive for some broadly studied random graph models.
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The rest of the paper is structured as follows. In Section 1.1 we formalize the sequential influence
maximization problem. In Section 1.2 a general model of inhomogeneous random graphs is described
and the crucial notions of sub-, and super-criticality are formally introduced. Section 2 is dedicated
to the general case when the underlying random graph is an arbitrary inhomogenous random graph
and the learner only knows whether it is in the subcritical or supercritical regime. We show that in
both cases online influence maximization is possible by only observing a small “local” neighborhood
of the selected node. We provide two separate algorithms and regret bounds for the subcritical and
supercritical cases, respectively. In Section 8, we consider the situation when the learner has even
less information about the underlying random graph. In particular, we assume that the learner only
observes the degree of the selected node in the realized random graph. We study three well-known
special cases of inhomogeneous random graphs that are commonly used to model large social
networks, namely stochastic block models, the Chung-Lu model, and Kronecker random graphs. We
prove that in these three random graph models, degree observations are sufficient to maximize global
influence both in the subcritical and supercritical regimes. In Section 4 we provide some discussion
and comparison to the previous work. In sections 5, 6, 7, and 8 we present all proofs.

1.1. Problem setup

We now describe our problem and model assumptions formally. We consider the problem of
sequential influence maximization on the set of nodes V' = [n], formalized as a repeated interaction
scheme between a learner and its environment. We assume that node ¢ influences node j with
(unknown) probability p; ;(= p;;). At each iteration, a new graph G is generated on the vertex set V/
by independent draws of the edges such that edge (i, j) is present with probability p; ; and all edges
are independent. The set of nodes influenced by the chosen node A; is the connected component of
G that contains A;. C;; denotes the connected component containing vertex i:

Cit = {v € V : vis connected to ¢ by a path in G¢} .

The feedback that the decision maker receives after choosing a node is some “local” information
around the chosen vertex A; in G;. We consider several feedback models. In the simplest case, the
feedback is the degree of vertex A; in G;. In another model, the information might consist of the
vertices found after a few steps of depth-first exploration of G, started from vertex A;. In a general
framework, we may define a “local neighborhood" of A;, denoted by C ‘A ,t» Where C At C Cayg
For each model considered below, we specify later what exactly C Ayt 18. In the general setup, the
following steps are repeated for eachround ¢t = 1,2,...:

1. the learner picks a vertex A; € V,

2. the environment generates a random graph Gy,

3. the learner observes the local neighborhood C Ag ts
4. the learner earns the reward 1 4, = |Ca, /.

We stress that the learner does not observe the reward, only the local neighborhood C ‘A, ,t- Define ¢;
as the expected size of the connected component associated with the node i: ¢; = E[|C; 1]]. Ideally,
one would like to minimize the expected regret defined as

T
Ry =E [Z <néavxcz — cAt)] (1)

t=1
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Since we are interested in settings where the total number of nodes n is very large, even with a
fully known random graph model, finding the optimal node maximizing c; is infeasible. Such
computational issues have lead to alternative definitions of the regret such as the approximation regret
Kakade, Kalai, and Ligett (2009); Chen, Wang, and Yuan (2013b); Streeter and Golovin (2009) or
the quantile regret Chaudhuri, Freund, and Hsu (2009); Chernov and Vovk (2010); Luo and Schapire
(2014); Koolen and Van Erven (2015).

In the present paper, we consider the a-quantile regret as our performance measure, which,
instead of measuring the learner’s performance against the single best decision, uses a near-optimal
action as a baseline. For a more technical definition, let i1, 9, ..., %, be an ordering of the nodes
satisfying ¢;; < ¢;, < --- < ¢;,,, and denote the a-quantile over the mean rewards as ¢, = i, .-
Then, defining the set Vy = {i[(1_q)n],- - -, in} as the set of a-near-optimal nodes, we define the
a-quantile regret as

Ry =E

i:(irg‘gn*ci—cm)] =E [Z (cz—cAt)] . )

t=1

1.2. Inhomogeneous Erdés-Rényi random graphs

Next we discuss the random graph models considered in this paper. All belong to the inhomogeneous
Erdds-Rényi model, that is, edges are present independently of each other, with possibly different
probabilities. Moreover, the graphs we consider are sparse graphs, that is, the average degree is
bounded.

Since we consider large values of n, it is advantageous to formulate this model as in Bollobds,
Janson, and Riordan (2007). To this end, let x be a bounded symmetric non-negative measurable
function on [0, 1] x [0, 1]. Each edge (4, j) for 1 < i < j < n is present with probability p; ; =
min(k(i/n,j/n)/n,1), independently of all other edges. We are interested in random graphs where
the average degree is O(1) (as n — o0). This assumption makes the problem both more realistic
and challenging: denser graphs are connected with high probability, making the problem essentially
vacuous. A random graph drawn from the above distribution is denoted by G(n, k).

We consider two fundamentally different regimes of the parameters G(n, k): the subcritical case
in which the size of the largest connected component is sublinear in n (with high probability), and
the supercritical case where the largest connected component is at least of size cn for some constant
¢ > 0, with high probability. (We say that an event holds with high probability if its probability
converges to one as n — 00.) Such a connected component of linear size is called a giant component.
These regimes can be formally characterized with the help of the integral operator 7}, defined by

@) @) = [ k) W)duty)

(0,1]

for any measurable bounded function f, where p is the Lebesgue measure. We call x subcritical
if ||Tx||2 < 1 and supercritical if ||T,||2 > 1. We use the same expressions for a random graph
G(n, k).

It follows from Bollobds, Janson, and Riordan (2007, Theorem 3.1) that, with high probability,
G(n, k) has a giant component if it is supercritical, while the number of vertices in the largest
component is o(n) with high probability if it is subcritical.
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In the analysis for a fixed number of nodes we denote A;; = k(i/n,j/n) so that p; ; =
min(A; j/n,1). This model is sometimes called the binomial random graph and was first considered
by Kovalenko (1971).

2. Observations of censored component size

First we study a natural feedback model in which the decision maker, unable to explore the entire
connected component C; ; of the influenced node 7 in Gy, resorts to exploring the connected com-
ponent up to a certain (small) number of nodes. More precisely, we define feedback as the result
of counting the number of nodes in C; ; by (say, depth-first search) exploration of the connected
component, which stops after revealing K nodes, or before, if |C; ;| < K. Here K is a fixed positive
integer, independent of the number of nodes n.

The main results of this section show that this type of feedback is sufficient for sequential
influence maximization. However, the subcritical and supercritical cases need to be treated separately
as they are quite different. In the subcritical case, the expected size of the connected component of
any vertex is of constant order while in the supercritical case there exist vertices whose connected
component is linear in n. This also means that the rewards — and therefore the per-round regrets —
are of different order of magnitude (as a function of n) in the subcritical and supercritical cases.

For simplicity, we assume that the decision maker knows in advance whether the function x
defining the inhomogeneous random graph is subcritical or supercritical, as we propose different
algorithms for both cases. We believe that this is a mild assumption. (We also assume that ||T}||2 # 1,
that is, the random graph is not exactly critical.)

2.1. Subcritical case

First we study the subcritical case, that is, we assume that ||Ty||2 < 1. In this case the proposed
influence-maximization algorithm uses the censored size of the connected component of the selected
node. That is, for a node ¢ € [n], we define u; +(K) as the result of counting the number of nodes in
C; + by exploration of the connected component, which stops after revealing K nodes or before, if
|Ci+| < K. Hence, the feedback is u; +(K) = min (|Cj |, K).

A key ingredient in our analysis in the subcritical case is an estimate for the lower tail of the size
of the connected component containing a fixed vertex. We state it in the following lemma:

Lemma 1 For any subcritical k, there exist positive constants (), g(k) and no(k), such that for
any n > ng, for any node i in G(n, k), the size of the connected component C; of a vertex i satisfies

P(IC| > u] < e X g(x) . 3)

Unfortunately, there is no closed-form expression for the dependence A(x) and g(k) on k. The idea
of the proof of this lemma relies on the analysis of Theorem 12.5 in Bollobds, Janson, and Riordan
(2007). To obtain this concentration result, we show that the size of the connected component in
G (n, k) is stochastically dominated by the total progeny of the multitype Poisson branching process
with carefully chosen parameters. We introduce branching processes in Section 5 and prove Lemma 1
in Section 6.

Now we are ready to define an estimate of ¢; = E|C;| in the sequential decision game. For
a fixed a constant K, we define the estimate @, ;(K) = (1/t)>'_, ;i s(K)Ifa,—;. Using the



LuUGoSsI NEU OLKHOVSKAYA

concentration inequality (3), with the choice of the threshold parameter K = % with A > A(k),
we get that the bias of u; ¢ (/) is at most @. We state this result more formally in Lemma 8.

The censored observations are bounded, since u;+(K) € [1, K]. We use those observations
as rewards in our bandit problem and we feed them to an instance of the UCB algorithm (Auer,
Cesa-Bianchi, Freund, and Schapire, 2002b). We call the resulting algorithm Local UCB(V}), defined
in Algorithm 1 below.

A minor challenge is that, since we are interested in very large values of n, it is infeasible to
use all nodes as separate actions in our bandit algorithm. To address this challenge, we propose
to subsample a set of representative nodes for UCB to play on. The size of the subsampled nodes
depends on the quantile « targeted in the regret definition (2) and the time horizon 7'. Our algorithm
uniformly samples a subset ;) of size

logT
rvo\{ g ]

log(1/(1 — av))

and plays Local UCB(1}) for the corresponding regime on the resulting set. Note that the size of
Vb is chosen such that the probability that V4 does not contain any of the an notes with the largest
values of ¢; is at most 1/7.

To simplify the presentation, we introduce some more notation. Analogously to the a-optimal
reward c;,, we define the a-optimal censored component size ., o(K) = min;cy u;(K) and we
define the corresponding gap parameters A, ; = (cj, — ¢;) ., 53?([() = (Us,a(K) — ui(K)), and
Aqmax = max; A ;. Nip = Zi:l H{AS:Z-} denotes the number of times node ¢ is selected up to
time ?.

“)

Algorithm 1 Local UCB(V}) for subcritical G(n, k).

Parameters: A set of nodes V) C V, K > 0.

Initialization: Select each node in Vj once. For each i € Vo, set N; |y, = 1 and U vy, = ugi(K).
For t = |Vp|,...T, repeat

logt

1. Select any node A;1; € argmax; U; (K ) + K N

2. Observe u g, +1(K) , update @; 41 and N; 41 forall i € [n].

For the subcritical case, Local UCB(1})) has the following performance guarantee:

Theorem 2 (Subcritical inhomogeneous random graph) Assume that  is subcritical. Let Vy be
a uniform subsample of V with size given in (4) and define the event £ = {Vy N V¥ # 0}. Then for
G(n, k) withn > ng(k), the expected a-quantile regret of Local UCB(Vy) satisfies

4K?log T
Ry < Agmax + E Z Aqi (M—K))Q + 8) &,
i€V Q,t
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where the expectation is taken over the random choice of V. If k is such that A\(k) > A, g(k) < g,

then, taking K = lo%\T, we have

4logT T
A\ log(1/(1 = a))

log T’
log(1/(1 - a))

R} < + 8Aq,max [ w +2g.

We prove Theorem 2 in Section 6. Observe that one may choose the value of K as a constant,
regardless of the number n of the nodes. This means that the feedback information is truly “local” in
the sense that only a constant number of vertices of the connected component of the selected node
need to be explored. How large K needs to be depends on the parameter A\. An undesirable feature
of Local UCB(V}) is that the learner needs to know the parameter A that depends on the unknown
function . To resolve this problem we propose a version of a "doubling trick" (see, e.g., Section
2.3 Cesa-Bianchi and Lugosi (2006)). While in our problem it is not possible to control the range
of A(k) explicitly, we still can control the frequency with which |C;| is censored by choosing the
range of K. In order to do this, we propose a variation of Local UCB(V}), such that we split time
T into episodes ¢ = 1,2... in the following way. At the beginning of each episode ¢, the learner
starts a new instance of Local UCB(V})) with a threshold parameter K, = 29log T and starts a new
time counter ¢,. Then, at each time step of the current episode, the learner computes the empirical
probability p, = i Ziq:tqil gl {ICar 2> Ko} that is updated each time when the size of connected

component of the chosen node exceeds K. Once p, gets larger than % + %, the episode ¢

finishes and the next episode begins. In this way, the length of each episode and the total number of
episodes Qmax are random. We call this algorithm UCB(V;)-DOUBLE , and show that it has the
following performance guarantee:

Algorithm 2 UCB(Vj)-DOUBLE for subcritical G(n, k).
Parameters: A set of nodes V; C V, T > 0.
Initialization: Ko =logT,t=1,¢=0,t, =0, p, = 0.
While ¢t < T', repeat:

* Select each node in Vj once. For each i € Vp, set N;; = 1, u;y = u;(Ky) and p; =

1 tg—1 14V
Vol 2rmtgr+1 |0, o[> K, )}

While p, < % +.4/ % repeat:
logT

1. Select any node A, 1 € arg max; U4, (Kq) + Kq\/ 3 =
i,tq

2. Observe WAy +1,t+15
~ 1 tq . -
3. Update UAtq+17tq+1 = E ZT:tq71+1 uZ7T(Kq)]I{AT=Atq+1}’ NAtq+17tq+1 = NAiqvtq + 1,

~ 1 t
Pq = tq ijqth*l""1 H{‘CAT,T|>K¢1}’
4. Update t;, =t,+1andt =1¢+ 1.

e Set tq+1 =0, ]/)\q-i-l =0, Kq-i-l = 2Kq andg =q + 1.
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Theorem 3 Assume that k is subcritical and n > ng(k). Let Vi be a uniform subsample of V with
size given in (4) and define the event € = {Vo NV # 0}. Then for G(n, k) with n > no(k), the
expected a-quantile regret of UCB(V)-DOUBLE satisfies

64 log3 T
RS < Agmax + = E Aqi - +8 €],
' CoB ZEZVO (WH) M ge Q] {057 (27108 T) ) >

where the expectation is taken over the random choice of Vy, and

0 _ o (ﬂ(log(l/A(m)) 1) T) |
AK)y/In(1/(1 — «))

% =

The proof of Theorem 3 may be found in Section 6. In Theorem 2 and Theorem 3 we present
two types of regret bounds. The first set of these bounds are polylogarithmic' in the time horizon 7',
but show strong dependence on the parameters of the distribution of the graphs G;. Such bounds
are usually called instance-dependent, and they are typically interesting in the regime where T'
grows large. However, these bounds become vacuous for finite 7" as the gap parameters 5;? ()

and (53%’() approach zero. This issue is addressed by our second set of guarantees, which offers

a bound of 6(\/ \U \T) for some set U C V that holds simultaneously for all problem instances
without becoming vacuous in any regime. Such bounds are commonly called worst-case, and they
are typically more valuable when optimizing performance over a fixed horizon T'.

A notable feature of our bounds is that they show no explicit dependence on the number of nodes
n. This is enabled by our notion of a-quantile regret, which allows us to work with a small subset
of the total nodes as our action set. Instead of n, our bounds depend on the size of some suitably
chosen set of nodes U, which is of the order polylog 7'/ log(1/(1 — «)). Notice that this gives rise
to an interesting tradeoff: choosing smaller values of « inflates the regret bounds, but, in exchange,
makes the baseline of the regret definition stronger (thus strengthening the regret notion itself).

2.2. Supercritical case

Next we address the supercritical case, that is, when ||Ty||2 > 1. Here the proposed algorithm uses
v;.+(K') defined as the indicator whether |C;| is larger than K, that is, v; +(K) = Liicy@> K-

Since the observation is an indicator function, v; ;(K) € {0,1}. Similarly to the subcritical
case, we propose a variant of UCB algorithm, Local UCB(V}), played over a random subsample of
nodes of size defined in (4). We define v;(K) = E [v; +(K)] and v, (K) = max; v;(K). Analogously
to the notation introduced for the subcritical regime, we denote v, o(K) = min;eyx v;(K) and
B (K) = (0i(K) — via(K)),-

In the supercritical case, the learner receives v; (/) as a reward and we design a bandit algorithm
based on this form of indicator observations. Note, that v; ;(K) is a Bernoulli random variable with
parameter P [|C;(G¢)| > K]. The following algorithm is a variant of the UCB algorithm of Auer,
Cesa-Bianchi, Freund, and Schapire (2002b). Just like before, N; ; denotes the number of times node
1 is selected up to time ¢ by the algorithm.

1. Upon first glance, the bound of Theorem 2 may appear to be logarithmic, however, notice that the sum involved in the
bound has ©(log T) elements, thus technically resulting in a bound of order log? T.
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Algorithm 3 Local UCB(V}) for supercritical G(n, k).

Parameters: A set of nodes Vp C V, k(n).
Initialization: Select each node in Vj once. For each i € Vj, set N |y, = 1 and U |y, (k(n)) =

vii(k(n)).
For ¢t = |Vp|,... T, repeat

1. Select any node A;1; € argmax; v;(k(n)) + l]‘\’,—ff.

2. Observe the feedback v; ¢(k(n)) , update v; 111 (k(n)) and N; 141 for all i € [n].

Local UCB(Vp) for supercritical G(n, ) satisfies the following regret bound:

Theorem 4 Let Vy be a uniform subsample of V with size given in (4) and define the event
E = {WynVr#£0D}. For any G(n, k) with supercritical k and n > ng(k), for any function
k : N — N such that lim,,_, k(n) = oo, we get

R 1 1 4logT
< *Aa max —E Aoei SU ’
n S plamact BN D A <<6a,§’<k<n>>>2 +8> ¢

i€Vp

where the expectation is taken over the random choice of Vj, and

n n 1/(1—a))

For the proof of Theorem 4, see Section 7. Note that for a supercritical x, E [C]] = O,(n).
Therefore, RT: scales linearly with n and hence it is natural to normalize the regret by the number of
nodes. Both in the subcritical and supercritical regimes, our bounds scale linearly with the maximal
expected reward ¢*, which is of ©,,(1) in the subcritical case, but is ©,(n) in the supercritical case.
The dependence of the obtained bounds on the time horizon 7" is similar in both regimes. Note that
unlike in the subcritical case, the censoring level K is not a constant anymore as we choose it to be
K = k(n) for some function k. Hence, strictly speaking, the feedback is not local as the number
of vertices that need to be explored is not independent of the number of nodes even if k(n) can
grow arbitrarily slowly. Similarly to the subcritical case, a sufficiently large constant value of K
would suffice. The value of the constant should be so large that for any vertex ¢, the conditional
probability — conditioned on the event that ¢ is not in the giant component — that the component of ¢
has size larger than K is sufficiently small. Such a constant exists, see (10) below. However, this
value depends on the unknown distribution of the underlying random graph. In the subcritical case
we solved this problem by applying a doubling trick. This is made possible by the fact that in the
subcritical case one observes the “bad” event that a component has size larger than K and therefore
censoring occurs. By “trying” increasingly large values of K one eventually finds a value such that
the probability of censoring is sufficiently small. However, in the supercritical case, the “bad” event
is that even though the selected vertex is not in the giant component, the size of the component is
larger than K. Unfortunately, one cannot decide whether the bad event occurs or simply the vertex
lies in the giant component. For this reason, we have been unable to apply an analogous doubling
trick in the supercritical case. To circumvent this difficulty, we choose K to be growing with n. This
guarantees that the bad event occurs with small probability. The price to pay is that the observation is
not entirely local in the strict sense.
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3. Degree observations

The results of the previous section show that it is possible to learn to maximize influence under very
general conditions if the learner has access to the censored size of the connected component, where
the size of censoring may be kept much smaller than the size of the entire network. In this section
we consider the case when the learner has access to significantly less information. In particular, we
study the case when the learner only observes the degree of the selected vertex A; (i.e., the number
of edges adjacent to A;) in the graph G;. Under such a restricted feedback, one cannot hope to learn
to maximize influence in the full generality of sparse inhomogeneous random graphs as in Section 2.
However, we show that in several well-known models of real networks, degree information suffices
for influence maximization. In particular, we study three random graph models that have been
introduced to replicate properties of large (social) networks appearing in a variety of applications.
These are (1) stochastic block models; (2) the Chung-Lu model; and (3) Kronecker random graphs.

3.1. Three random graph models

We start by introducing the three models we study. All of them are special cases of inhomogeneous
Erd6s-Rényi graphs.

STOCHASTIC BLOCK MODEL.

In the stochastic block model, the probabilities p; ; are defined through the notion of communities,
defined as elements of a partition Hy, ..., Hg of the set of vertices V. We refer to the index m
of community H,, as the type of a vertex belonging to H,,. Each community H,, contains a,,n
nodes (assuming without loss of generality that a,,,,n is an integer). With the help of the community
structure, the probabilities p; ; are constructed as follows: if i € Hy and j € H,y,, the probability of 4

Ké,m

and j being connected is given by p; ; = —**, where K is a symmetric matrix of size S x .S, with
positive elements. The random graph from the above distribution is denoted as G (n, a, K).

In the stochastic block model, identifying a node with maximal reward amounts to finding a
node from the most influential community. Consequently, it is easy to see that choosing « such that
o > miny, oy, the near-optimal set V" exactly corresponds to the set of optimal nodes, and thus the
quantile regret (2) coincides with the regret (1). We consider the stochastic block models satisfying
the following simplifying assumptions:

Assumption 1 K, = k > 0 forall | # m.

This assumption requires that nodes ¢, j belonging to different communities are connected with the
same probability. Additionally, in our analysis in the supercritical case we make the following natural
assumptions:

Assumption 2 Foralll, K;; > k.

In plain words, this assumption requires that the density of edges within communities is larger than
the density of edges between communities.

CHUNG-LU MODEL

Another thoroughly studied special case of the inhomogeneous Erdds-Rényi model is the so-called
Chung—Lu model (sometimes referred to as rank-1 model) as first defined by Chung and Lu (2002)

10
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(see also Chung and Lu (2006); Bollobds, Janson, and Riordan (2007)). In this model the edge
probabilities are defined by a vector w € R™ with positive components, representing the “weight” of
each vertex. Then the matrix defining the edge probabilities has entries A;; = w;w;. We assume that
the vector w is such that w;w;/n < 1 for all 4, j. In other words, the Chung—Lu model considers
rank-1 matrices of the form A = ww". The random graph from the Chung—Lu model is denoted
by G(n,w). Chung-Lu random graphs replicate some key properties of certain real networks. For
instance, if w is a sequence satisfying a power law, then G (n, w) is a power law model, which allows
one to model social networks, see Chung and Lu (2006).

KRONECKER GRAPHS

Kronecker random graphs were introduced by Leskovec, Chakrabarti, Kleinberg, and Faloutsos
(2005); Leskovec (2008); Leskovec, Chakrabarti, Kleinberg, Faloutsos, and Ghahramani (2010) as
models of large networks appearing in various applications, including social networks. The matrix P
of the edge probabilities of a Kronecker random graph G,, piis defined recursively. The model is
parametrized by the constants ¢, 3,7 € [0, 1]. Here one assumes that the number of vertices n is a
power of 2. Starting from a 2 x 2 seed matrix,

plil _ [C 5} ’
B
we define the matrices P12, ... Pl such that foreachi = 2, ..., k, P! is a 2¢ x 2! matrix obtained

from Pli—1 by
4 -1 gpli-1]
i _ |CFP B
PH = [513[1'—1} »Yp[i—ll] :

Finally P = P¥l. Hence, the Kronecker random graph G,, pwhasn = 2% vertices, where each vertex
i is characterised by a binary string s; € {0, 1}*, such that the probability of an edge between nodes
i and j is equal to p; ; = ({5530 (1=801=85) gh=(sis;)=(1=s01=5)) ‘where T = (1,...,1) € {0,1}*
denotes the all-one vector and (-, -) is the usual inner product. Leskovec, Chakrabarti, Kleinberg,
and Faloutsos (2005) show that a Kronecker graph with properly tuned values of ¢, 3,y replicates
properties of real world networks, such as small diameter, clustering, and heavy-tailed degree
distribution.

3.2. Learning with degree feedback: stochastic block models and Chung-Lu graphs

In this section we introduce an online influence maximization algorithm that only uses the degree
of the selected node as feedback information. The algorithm is a variant of the kl-UCB algorithm,
that was proposed and analyzed by Garivier and Cappé (2011); Maillard, Munos, and Stoltz (2011);
Cappé, Garivier, Maillard, Munos, and Stoltz (2013); Lai (1987). The main reason why learning
is possible based on degree observations only is that nodes with the largest expected degrees p*
are exactly the ones with the largest influence ¢*. This (nontrivial) fact holds in both the stochastic
block model (under Assumptions 1 and 2) and the Chung—Lu model, across both the subcritical and
supercritical regimes. These facts are proven in Sections 8.1 and 8.2.

We define X, ; as the degree of node i in the realized graph G, and define p; = E [ X ;] as the
expected degree of node i. We also define ¢* = max; ¢; and p* = max; ;.

11
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Algorithm 4 d-UCB (1)

Parameters: A set of nodes V) C V.

Initialization: Select each node in V{y once. Observe the degree X ; of vertex ¢ in the graph G; for
i=1,...,|Vbl|. Foreachi € Vp, set N;(|Vp|) = 1 and 12;(|Vo|) = X ;.

Fort = |Vy|,...T, repeat

1. For each node, compute

Uite) = sup {5 = ) + (e o (#100 ) < 2B

po ) Ni?)
2. Select any node A4 € arg max; U;(t).
3. Observe degree X; ;1 4,,, of node A;;1 in Gy and update

NAt+1 (t)ﬁAt+1 (t + 1) + Xt+17At+1
NAt+1 (t) +1

//’ZAH—I(t + 1) =

Update Ny, (t +1) = Na,,, () + L.

The learner uses the observed degrees as rewards, and feeds them to an instance of kl-UCB
originally designed for Poisson-distributed rewards. A key technical challenge arising in the analysis
is that the degree distributions do not actually belong to the Poisson family for finite n. We overcome
this difficulty by showing that the degree distributions have a moment generating function bounded
by those of Poisson distributions, and that this fact is sufficient for most of the kl-UCB analysis to
carry through without changes.

As in the case of the inhomogeneous Erd6s-Rényi model, we subsample a set of size (4) of
representative nodes for klI-UCB to play on. For clarity of presentation, we first propose a simple
algorithm that assumes prior knowledge of T’, and then move on to construct a more involved variant
that adds new actions on the fly.

We first present our kI-UCB variant for a fixed set of nodes V{ as Algorithm 4. We refer to this
algorithm as d-UCB(V}) (short for “degree-UCB on V{,”). Our two algorithms mentioned above use
d-UCB(V}) as a subroutine: they are both based on uniformly sampling a large enough set V; of
nodes so that the subsample includes at least one node from the top a-quantile, with high probability.

We define the a-optimal degree f1}, = min;eyx p; and the gap parameter 0q; = (1; — p,) -
We first present a performance guarantee of our simpler algorithm that assumes knowledge of T, so
the learner plays d-UCB(V)) on the uniformly sampled a subset of size (4). This algorithm satisfies
the following performance guarantee:

Theorem 5 Assume that the underlying random graph is either (a) a subcritical stochastic block
model satisfying Assumption 1; (b) a supercritical stochastic block model satisfying Assumptions 1
and 2; (c) a subcritical Chung-Lu random graph; or (d) a supercritical Chung-Lu random graph.

Let Vi be a uniform subsample of V' with size given in Equation (4) and define the event
E = {Vo NV} # (0}. If the number of vertices n is sufficiently large, then the expected «-quantile
regret of d-UCB(Vp) simultaneously satisfies

12
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Algorithm 5 d-UCB-DOUBLE(f3)
Parameters: 5 > 2.
Initialization: V; = 0.

For k =1,2..., repeat

1. Sample subset of nodes Uy, uniformly such that |Uy| = [%]

2. Update action set Vi, = Vi1 U U.

3. Forrounds t = g¢=1, 8F=1 4+ 1 ..., B¥ — 1, run a new instance of d-UCB (V},).

R} <E | Aay
i€Vp

i (18 4+ 271ogT')
52,

+3> & +Ao¢,maxv

where the expectation is taken over the random choice of Vi, and

Tp* (2 + 3logT)? < 3logT )
Ra S 186* + + 4 Aa max-
r \/ log(1/(1 — o)) log(1/(1 — a)) ’

In contrast to the results obtained in the general setting of Section 2, where we have to run
different algorithms in the subcritical and supercritical cases, for the models considered in this
section the learner can run the Algorithm 5 without prior knowledge of the regime.

For unknown values of T', we propose the d-UCB-DOUBLE(/3) algorithm (presented as Algo-
rithm 5) that uses a doubling trick to estimate 7". The following theorem gives a performance
guarantee for this algorithm:

Theorem 6 Assume that the underlying random graph is either (a) a subcritical stochastic block
model satisfying Assumption 1; (b) a supercritical stochastic block model satisfying Assumptions 1
and 2; (c) a subcritical Chung-Lu random graph; or (d) a supercritical Chung-Lu random graph.

Fix T, let kyax be the value of k on which d-UCB-DOUBLE([3) terminates, and define the event
E = {Vi,.. N VZE = 0}. If the number of vertices n is sufficiently large, then the a-quantile regret of
d-UCB-DOUBLE(f3) simultaneously satisfies

o 18u* 27log B(logg T + 1)*
R <E Z A; ((52 + 3) (logg T +1) + 2525_ E| + Aa,max logg T,
iermax a,t L,

where the expectation is taken over the random choice of the sets V1, Vs, ..., and

o . | T (p* +1log (BT))log? T 3log? T
By = 36 \/ log(1/(1 - a)) <log<1/<1 —ay * 4) Bamas

13



LuUGoSsI NEU OLKHOVSKAYA

3.3. Learning with degree feedback in Kronecker random graphs

In this section we study influence maximization when the underlying random network is a Kronecker
random graph. We set this model apart as the properties of Kronecker random graphs differ signif-
icantly from those of the stochastic block model and the Chung-Lu model. At the same time, we
show that observing the degree of the selected nodes is enough to maximize the total influence in
this graph model as well. In particular, the same algorithm d-UCB(1}) introduced above achieves a
small regret.

We consider only supercritical regime with parameters are such that ({ + 8)(8 + ) > 1. The
reason is that subcritical Kronecker random graphs contain only o(n) non-isolated vertices with high
probability, and therefore minimizing the a-quantile regret is essentially trivial in this case.

Denote by H the subgraph of G, pix), induced by the vertices of weight [ > k /2. We exploit
the property that for the graph G, pxwith parameters (C+ B)(B+ ) > 1, there exists a constant
b(P) such that a subgraph of G, pix, induced by the vertices of H, is connected with probability at
least 1 — n 0P ), see Frieze and Karonski (2015, Theorem 9.10). This means that on this event, the
connected components C; are the same for all ¢ € H. This allows us to prove the following:

Theorem 7 Let Vyy be a uniform subsample of V of size P?fg(?zT))—‘. Let Gn, pirbe such that (¢ +

B)(B+7) > 1and { > ~v > (. Then there exists a constant b(P) such that the quantile regret of
d-UCB(V}) satisfies

«@ * * 2
Ry < Fog(nT)—‘ P2+ 610%;) L34 pbPE (2+ 610gT)2(C +8) L3P | 41
n log(2) (1 B ﬁ—i—v) ()]
¢+8

4. Discussion

In this section we highlight some features of our results and discuss directions for future work. Our
main results show that online influence maximization is possible with only local feedback information.
We establish bounds for the quantile regret that are polylogarithmic in 7" for all considered random
graph models. Notably, our bounds hold for both the subcritical and supercritical regimes of the
random-graph models considered, and show no explicit dependence on the number of nodes 7.

Previous work. Related online influence maximization algorithms consider more general classes of
networks, but make more restrictive assumptions about the interplay between rewards and feedback.
The line of work explored by Wen, Kveton, Valko, and Vaswani (2017); Wang and Chen (2017)
assumes that the algorithm receives full feedback on where the information reached in the previous
trials (i.e., not only the number of influenced nodes, but their exact identities and influence paths,
too). Clearly, such detailed measurements are nearly impossible to obtain in practice, as opposed to
the local observations considered in this paper.

Another related setup was considered by Carpentier and Valko (2016), whose algorithm only
receives feedback about the nodes that were directly influenced by the chosen node, but the model
does not assume that neighbors in the graph share the information to further neighbors and counts the
reward only by the nodes directly connected to the selected one. That is, in contrast to our work, this
work does not attempt to show any relation between local and global influence maximization. One
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downside to all the above works is that they all provide rather conservative performance guarantees:
On the one hand, Wen, Kveton, Valko, and Vaswani (2017) and Carpentier and Valko (2016) are
concerned with worst-case regret bounds that uniformly hold for all problem instances for a fixed
time horizon T'. On the other hand, the bounds of Wang and Chen (2017) depend on topological
(rather than probabilistic) characteristics of the underlying graph structure, which inevitably leads
to conservative results. For example, their bounds instantiated in our graph model lead to a regret
bound of order n3 log T', which is virtually void of meaning in our regime of interest where n is very
large (e.g, much larger than 7T'). In contrast, our bounds do not show any explicit dependence on n.
In this light, our work can be seen as the first attempt that takes advantage of specific probabilistic
characteristics of the mechanism of information spreading to obtain strong instance-dependent global
performance guarantees, all while having access to only local observations.

Other related framework is stochastic online learning under partial monitoring Agarwal, Bartlett,
and Dama (2010); Bartdk, Zolghadr, and Szepesvéri (2012); Komiyama, Honda, and Nakagawa
(2015). In this setting the loss is not directly observed by the learner, which makes this setting
applicable to a wider range of problems. However, the partial monitoring setup is too general to
capture the specific relationship of feedback and influenced component size, resulting to regret
bounds that scale with n?.

Tightness of the regret bounds. In terms of dependence on 7', both our instance-dependent and
worst-case bounds are near-optimal in their respective settings: even in the simpler stochastic multi-
armed bandit problem, the best possible regret bounds are Q7 (log T') and Q7 (+/T) in the respective
settings Auer, Cesa-Bianchi, and Fischer (2002a); Auer, Cesa-Bianchi, Freund, and Schapire (2002b);
Bubeck and Cesa-Bianchi (2012). The optimality of our bounds with respect to other parameters
such as c¢*, u* and n is less clear, but we believe that these factors cannot be improved substantially
for the models that we studied in this paper. As for the subproblem of identifying nodes with the
highest degrees, we believe that our bounds on the number of suboptimal draws is essentially tight,
closely matching the classical lower bounds by Lai and Robbins (1985).

Our assumptions. One may wonder how far our argument connecting local and global influence
maximization can be stretched. Clearly, not every random graph model enables establishing such a
strong connection.

5. Multi-type branching processes

One of the most important technical tools for analyzing the component structure of random graphs
is the theory of branching processes, see Bollobas, Janson, and Riordan (2007); van der Hofstad
(2016). Indeed, while the connected components of an inhomogenous random graph G(n, k) have
a complicated structure, many of their key properties may be analyzed through the concept of
multi-type Galton—Watson processes.

Recall the notation introduced in Section 1.2. Consider a Galton—Watson process, where an
individual z € (0, 1] is replaced in the next generation by a set of particles distributed as a Poisson
process on (0, 1] with intensity x(z, y)du(y) and the number of children has a Poisson distribution
with mean | ©0.1] k(z,y)du(y). We denote this branching process, started with a single particle x by
W (z).

Bollobas, Janson, and Riordan (2007) establishes a connection between the sizes of connected
components of G(n, k), the survival probability of a branching process W, (x), and the function
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k. As shown in Bollobas, Janson, and Riordan (2007), the operator ®,, can be directly used for
characterizing the probability p(z) of survival of the process W, (z) for all z € (0,1]. By their
Theorem 6.2, the function p is the maximum fixed point of the non-linear equation ®(f) = f.
Furthermore, as was shown in Bollobds, Janson, and Riordan (2007, Lemma 5.8.), if ||T||2 < 1,
then p(z) = 0 for all z and when ||T}||2 > 1, p(z) > 0 for all .

To analyze the random graph G(n, k), we use Poisson multi-type Galton—Watson branching
processes with n types, parametrized by an n. X n matrix A with positive elements. Therefore, each
node corresponds to its own type.

The branching process tracks the evolution of a set of individuals of various types. Starting
in round n = 0 from a single individual of type i, each further generation in the Galton—Watson
process W, (i) is generated by each individual of each type i producing X; ; ~ Poisson(A; ;/n)
new individuals of each type j. Therefore, the number of offsprings of the individual of type 7 is
> i1 Xij ~ Poisson(3 1y Ajj/n).

Our analysis below makes use of the following quantities associated with the multi-type branching
process:

1. Z,(i) is the number of individuals in generation n of W, (7) (where Zy(i) = 1);

2. B(i) is the total progeny, that is, the total number of individuals generated by W, (i) and its
expectation is denoted by z; = E [B(i)];

3. p(i) is the probability of survival, that is, the probability that B(7) is infinite.

6. Proofs of Theorem 2 and 3.

The connected components C;; of an individual ¢ have a complicated structure, but many key properties
can be analyzed through the concept of multi-type Galton-Watson branching processes with n types.
Fix an arbitrary node ¢ and let Y; 1,Y; o, ..., Y ,, be independent Bernoulli random variables with
respective parameters A; ;/n for ¢, j € [n]. Consider a multitype binomial branching process where
an individual of type i produces an individual j with probability A; j/n, and let Bp., (i) denote
its total progeny when started from an individual 7. In the same way, consider a multitype Poisson
branching process where an individual of type ¢ produces X; ; ~ Poisson(A; ;j/n) individuals, and
let B(7) denote its total progeny when started from an individual i.

We use the concept of stochastic dominance between random variables. The random variable X is
stochastically dominated by the random variable Y when, forevery z € R,P[X < z] > P[Y < z].
We denote thisby X < Y.

Proof of Lemma 1. First, we define an upper approximation to . We choose an integer m and
we partition the interval (0, 1] into m sets Ay, ..., Ay, where A, = ((k — 1)/m, k/m], k € [1,m].
Also we denote by A,, (z) the set Ay, for which x € Ay. Then we bound « from above by

ko (2,y) = sup{r(a’,y’) 1 2’ € A (2),y' € An(y)} -

As £ is bounded, there exists a sufficiently large mn such that |[T, + || < 1:

1/2
Ty I < Tl 4+ 1T, — Tl < 11Tl + (/(O (ki () - n(x,w)?dxdy) .

1% (0,1]
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Then for any node i in G(n, k), we define a type k; = k if (k — 1)/m < i/n < k/m holds.
Then, by our definition of Ii;i;b, we have

P[|Ci| > u] < P[Bper(ki) > u].

For k, ¢ € [m] we define py ¢y = + -}, (k/m, {/m). Notice, that for random variables Y ~ Ber(p)
and X ~ Poisson(p’) withp’ = —log(1—p) > p, Y =< X holds. This follows from the observation
that P[Y > 0] = pand P[X > 0] = p. It follows that Ber(py ¢) < Poisson((1 + ¢)pk¢). Then

there exists € > 0 such that the multitype Poisson branching process B(k) with parameters (1+¢)py, ¢
is such that P [Bpe, (k) > u] < P {E (k) > u} and it is subcritical. We also define a random variable
XW ~ Poisson ((1+ €)pg.e).

Since the total number of descendants of individuals in the first generation are independent, we
can write the following recursive equation on the number of descendants of type k:

IBk) =1+ Xel BO)].

(=1

For any type k, for z;, > 1, the probability generating function of |§ (k)| isg(k) =E {zLB(k) q and

we denote g = (g(1),...,g(m))T. Using that for X ~ Poisson(v) for some v > 0,y > 1 the
probability generating function is E [yX ] =YW= we have

(k) = E [ZLEU“)'} — LE [ KealBO)l gckM\B ] B ZkHE [ Kol B( )}

= 2 HIE [ [ 156 } ))?H] = Z); €Xp ((1 +¢) %:pu(g(f) - 1))-

Recall that P denotes the m X m matrix with entries py, ¢. Our next aim is to study the fixed point of
the operator G p, defined as

4= Grg=zep ((1+9P- 1) )

Define the function F'(z, g) = zexp <(1 +¢e)P(g— 1)) — g. This function is smooth and the entries

of the Jacobian matrix are

8Fk

Jre(z,9) ==
k(25 9) ”

(1 + €)pk ¢ exXp ((1 + 6) Zpk,g(gg — 1)) — H{k:g}.

14

Let P'(g, z) be the matrix with elements zj(1 + €)pgeexp (1 +¢€) >, pre(ge — 1)). Then, at
point (1, 1), P, ,(1,1) = (1 4 €)pg- Since ¢ is chosen such that the branching process B(k) is
subcritical, P’ (1 1) is smaller than one. This means, that we can find 2’ = 1 + §, ¢’ > 0, such that
the largest eigenvalue of P’(¢’, z’) is smaller than one as well, and therefore J(z’, ¢’) is invertible.
Then, by the implicit function theorem there exists an open set U, C (1,+00)™ and a function
q: U, — (0,400)™ such that F(z,q(z)) = 0.
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Finally, the statement of the lemma is obtained by applying the Chernoff bound:

B(k)
P (509> ] - [ 5005 ] < EL

u
2k

Denote A\ = In(zy) > 0. Then,

B(k)
ST
Then taking any A(k) = ming Ag, g(k) = maxy gx, we get the statement of the lemma. O

Armed with this concentration result, we can see that the typical size |C;| of the connected
component of any vertex 7 is O(1). Recall that the learning algorithm has only access to a censored
value of |Cj], truncated by a constant K. Our main technical result shows that nodes with the largest
expected censored observations u., (K') are exactly the ones with the largest influence c,.. We formally
state this result next:

Lemma 8 For G(n, k) with subcritical k, and n > no(k), for any node i we have c,—c; < u.(K)—
ui(K) + e 28K g Then, for K = lo’iT, with A < A(k) we have ¢, — ¢; < u(K) — u;i(K) + %.

Proof
The expected bias of u;(K) is, using the result of Lemma 1:

¢i —ui(K) = E[|Ci(Gy)| — ui(K)] = E[(|Ci] — K)+]

< / P[|C;| — K > u]du < / e AR gy < e M g (k).
0 0

Set K = 1°§T. Then,

e — ¢ < ux(logT/A) — ui(logT/A) + QE—FH)

Proof of Theorem 2. In order not to overload notation we write 0 Z’ff’ for ¢ Z’QI’(K ). We first note
that, with high probability, the size of Vj guarantees that the subset contains at least one node from
the set V: P[£] > 1 — 1/T. Then, the regret can be bounded as

T
R} <PETTAgmax +E [ D> Ay =i]|Ag,| €| PE] (6)
t=11ieVp
< Aoz,max +E Z Aa,iE [N@T} gl . (7)
%)
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By Hoeffding’s inequality,

. AK?logt| 4
Apy1 = 1| Nig > @ulb)Q] STk
Then,
4K? logT ) 4K?logt
]E[Ni,T] < (5S“b Z PlA = 'L| Nz‘,t > W
t= ‘Vol (622
AK? logT T4 4K2logT
< — < — 5" .38
— (5sub ZV 2 — 581217)
Now, observing that 55“” < maxjey, u;(K) — u;(K) holds under event £, we obtain
4K?logT
R§ < Aqmax +E | Y Aug (Hi + 8) £, ®)
icVy ( ol )

thus proving the first statement.
Next, we turn to proving the second statement regarding worst-case guarantees. To do this,
we appeal to Proposition 8 and take K = loiT, where A is any number, satisfying conditions

of Lemma 1. To proceed, let us fix an arbitrary ¢ > 0 and split the set 1}y into two subsets:
Ule) = {a eV (53’%’ < E} and W (e) = Vi \ U(e). Then, under event £, we have

Z Aa zE i, T Z Aa zE 7 T Z Aa,iE [Ni,T]

1€Vh 1€U(e) iEW(e)
<e Z 7 O BN
€U (e iEU(E)
2 2
4(1°§T> logT 4<1°gT> logT
sub g
+ Z 5 sub)2 + sub)2
€W (e) (5@7i ) T i€EW () ( o, )
+ 8[W(e)|Aq max
2
logT logT
1(55) 10eT 1("5%) 10g T
S€T+g+ Z sub +T sub
€W (e) 50«%’ 140 ( a:i)

+ 8|W(e)|Aq,max
2
1(255) 10gT 4 ("57) 10T
+*|%|—2+8|%|Aa,max
T €

logT
<4 (D) VIITo8T + 20 + 81Vl Aa

where the last step uses the choice ¢ = 2 (lOgT> V/|Vollog T/T. Plugging in the choice of |V}]
concludes the proof. g

<eT+g+ |V
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Proof of Theorem 3. To simplify the notation, we use X instead of A(x). Let T} be the length of
the g-th iterate. The expected regret over each period g can be bounded as an expected regret of Local
UCB(Vp) with parameters A\, = 277 and I, time steps. Appealing to Theorem 2, we can bound the
expected regret as

T
a,max +E Z Z ]I{At:i}Aa,i &

t=1 i€V

Qmax

< Aa,max +E Z Z Aa,iE [Nz T,

q=1 eV

R$ <P[£°TA

1€

Qmax
R% < Aoz,rnax +E Z Z Aoc,i

qg=1 ieVj

Following the analysis of Theorem 2, by (8), we get
2
4K;logT

(WWW

We have Qmax = [logy(1/A)] < logy(1/A) + 1, and
Qmax

=1log?T ) 4
q=0

Qmax

> K;
q=0

4Qmax+1 _ 1
3 3 A2

=log?T
This gives us
log® T

(()\ MiNge(Quuan {05 (Kq)})? +8> ‘

Next, we prove the second statement regarding worst-case guarantees. To proceed, let us take
logT \/|Vo|log T'/T, and split the set V; into two subsets: U (g,) = {a € Vo : 05(K,) < Eq}

q=

64
R’% < Aoz,max + ?E Z Aa,i
i€V

and W( eq) = Vo \ U(gq). Then, under event &£, we have
T
Z Z Tia=iyAasi
t=11€Vp
[(Quax Ty Qmax Ty
<E Z Z Z Aa’i]l{|C’Atq\§Kq +E Z Z Z Aal {|CAtq|>Kq}

qg=1 tg=1lieVy qg=1 tg=1ieVp

_Qmax Tq Qmax Tq

L APIP I IR E|> > > A
oilfic, er )| T ailfic,, 1>xk,}
| a=1 tq=14cU(eq) 1 q=1 tq=1i€U(eq) B
Term 1 Term 2
dex Tq mdx Tq

DD AO”H{‘CAtq‘SKq

q=1 tq—]- ”LEW

TEID. > D R O

q=1 tq=1icW(e

Term 3
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Term 1:

Qmax Tq

BN 5 Ao, oy | SN

g=1 tg=1icU(c,

an ax

Ejmwmbwﬁ

logT
gwwﬂ%}¢w&mw+nT

Term 2: The expected bias of ,Lﬁ“b (K4) is, using the result of Lemma 1:

E[(|C;] — K,)+] < / P[|Cy] — Ky > u) du < / e MK gy, < ¢ Moag
0 0

B 1 224 . 1 24— Qmaxz
“\7 9= T g.

249 Qmaxzx
oS <) + () o ©)

Then,

According to the stopping rule, we get

Qmax 1q Qmax 24— Qmax 1 ]ogT
2|58 5 s, g <m0 X (s (3) ) ()

q=1 tq=1 lEU

q:
G logT 1 log
<IE | > |V0|logT/T +g 7t T,
q=1

[a—

log?T
+§>+%W%%ﬂMﬂ4>i

logT [(logy(1/A+ 1))|Vo|logT
<ol (18 .

+ [Volg (x/(loggﬂ/A) - 1)TlogT1°§T> .

Term 3: Following the analysis of Theorem 2 and by (9), we get

Qmax T’Z

Z Z Z AaviH{At:z‘JcAtlsml}

q=1 tq=1 €W (eq)

2
Quas - 4 <L§Tq) log T
SE| > D% Gri(iye || FEelBamas

€W (gq) 9=0 o q

Qmax 3/2

lo T

|‘/O|E Z (\/ qu)\> +8|‘/0|Aa,max

q=0

log®? T
< 4V [Vl <\/ log(1/A) + 1)T OgA >+8!Vo\Aa,max.
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Term 4:

Qmax Tq

202 2 Aailpaijc, ok,

q=1 tq=1ieW(eq)

Qmax 2q7QmaX 4 log Tq 2 1 T
SE| D Y| ey + (1) i I S £ <)
= I\T (030(Ky) )2 T\ 21,

1€W (gq) 9=0

+ 8[W(eg)|Anmax

log3/2T log? T
1 1 1 4 1 1 1
[Vol(log2(1/A) +1) ot V[Vol(loga(1/A) +1)—
logT = log®?T
+ dg(logy(1/A) + 1) =0 + dg =2 /(10go(1/A) + DT + 8|0l Ao mas-
Putting everything together, we conclude that
2
RO <4 ! <\/(log(1/)\)+l)Tlog T) T N—
(1/(1—a) A n(1/(1—a))
logT log®/2 T
+ dg(logy(1/X) + 1) = + 4g———/(logy(1/2) + DT
FlogT - logy(1/A+1) gv/1log T 2(logy(1/A) + 1) log®? T
TIn(1/(1-a))  T\/In(1/(1—a)) (In(1/(1 — a)))*?

T(logy(1/A) + 1)
+9¢ n(1/(1—a)y 8T

7. Proof of Theorem 4.

The proof relies on some known properties of the largest connected component in G(n, ) for
supercritical k. We denote the largest and second-largest connected components of G; by C1(Gy)
and C5(Gy), respectively. The survival probability of the branching process W,.(z) is denoted as
p(z). The expected size of the connected component containing vertex ¢ can be estimated in terms of
p(i/n) and E[|C1]] as
¢; = p(i/m)E[|C1]) + 0a(n)

see Bollobds, Janson, and Riordan (2007, Chapter 9). The following properties are proved by
Bollobas, Janson, and Riordan (2007):

* If G(n, k) is supercritical, then, with high probability, C1, = ©,(n);
* C1(Gn) = > ey p(i/n) in probability;
* C9(Gy) = op(n) with high probability.

Recall from Section 2 that in the supercritical case the feedback v; ;(K’) is the indicator whether
|C;| is larger than K. In the following lemma we show that taking &K = k(n) for an arbitrary function
of n that diverges to infinity, it is enough to control the bias of the estimate of ¢;:
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Lemma 9 For any supercritical k, for any node i satisfying ¢; < c, and for any K = k(n), where
k : N — N is an arbitrary positive function satisfying lim,,_,o, k(n) = oo, there exist a positive
function f,; : N = R, such that lim,,_,, fx(n) =0 and

< (k) — vilk(m)) 2 ¢ )

Cy — C;

n

Proof

Define a kernel %(z,y) = (1 — p(y))xk(z, y), where p is defined in Section 5. By Theorem 6.7
in Bollobds et al. (2007), the branching process W, conditional on extinction is subcritical and has
the same distribution as the branching process with parameters W5. Then, by Lemma 1,

P[B(i) > K|B(i) < oo] < e MPFM g (k) . (10)

We relate the size of the connected component to the total progeny of branching process.
Following the stochastic dominance C; < B(i),

vi(k(n)) =P[|Ci| > k(n)] < pi + P[B(i) > k(n)|B(i) < oo].
This implies, for n > ng (&),
vi(k(n)E[|C1|—c; < P[B(i) > k(n)|B(i) < oo] E [|C1[]+pB[|C1[|—c; < e XM g(R)E[|Ch [|+0n(n).
Finally, using that p, < v.(k(n)), we get

< k() i) LA w005 BUAD o 0y = s i 10 4 fu)

Cy — C;

n

Proof of Theorem 4. First, by (6),

R% < Aa,max +E Z Aa,iE [Ni,T] &
€Vp

As we mentioned before, with high probability, C2(G,,) = o,(n), which means that if A; ¢
C1(Gy), then |C4,(Gt)| = on(n). Since G(n, k) is supercritical, argmax, f1, = argmax, pq.
Then, we can approximate distribution of rewards of arm a by a Bernoulli distribution with parameter
pq. Using the result of Proposition 9, we reduce the initial problem to the analysis of a multi-armed
problem with arms Z1, .. ., Z)y;|, where Z; ~ Ber(u;), for p; defined in Proposition 9.

By Hoeffding’s inequality,

4logt 4
PlAi1 =i Nit > s | < -
T (K2 T

Then

4logt 4logT

Appr =i Nig > (52%?(]{(71)))2] = (0 (k(n)))?

+ 8.

4logT T
S < Gy 2
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Now, observing that 6> (k(n)) < max;ey, vj; — v; holds under the event £, we obtain

4logT

RY < Aqgmax + E DNoil —sm——5 +8 €], 11

P> ’(@f(k(nm”) o
%) )

thus proving the first statement.
Now we fix an arbitrary € > 0, we split the set 1/ into two subsets: U (¢) = {a €W 6gﬂb(k(n)) < 5}
and W (g) = Vp \ U(e), where we use the choice ¢ = 24/|V)|E [C1]log T/T. Lemma 9 shows that

Lt < ”*(k("));”i(k("))E [|C1]] + fx(n). Then there exists no(k), such that for any G(n, x) with
n > no(k), fx(n) < e holds. Then, under the event £, we have

1 Aq,
- Z Ao E[N;7| = Nir]+ Z
S 1€U(e) €W (¢)
€E C Aai
g( [1CA ] >ZE i+ Y SRE [N
1€U(e) 1€EW (e)
EEHC1H ) bk E [C4] 4logT
< VolT+ S a5
(= 2o BN Gt e
4logT
+e Z ( sub 2)
o) (k(n)))

E[|C E|[|C 8logT
n mn EN
_9<EHnClH+1> Vol/TlogT ,

where the last step uses the choice ¢ = /log T'/T. Plugging in the choice of |Vj| concludes the
proof. U

8. Degree observations.
8.1. Subcritical case

Our main technical result is proving that nodes with the largest expected degrees u* are exactly the
ones with the largest influence c*, in both the stochastic block model and the Chung—Lu model,
across both the subcritical and supercritical regimes. The following lemma states this result for the
subcritical case.

Lemma 10 Suppose that
1. G is generated from a subcritical G(n, o, K) satisfying Assumption 1, or

2. G is generated from a subcritical G(n, w).
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Then, for any i satisfying p; < p*, we have ¢* — ¢; < 2¢* (u* — pi) + O(1/n).

Before stating and proving the lemma, we introduce some useful technical tools. Since we
suppose that G(n, ) is subcritical, we have P [B(i) = oo] = 0 and x; = E [B(4)] is finite. First
observe that the vector = of expected total progenies satisfies the system of linear equations

1
r=e+ —Ax,
n

where e is the vector with e; = 1 for all <.

For the analysis of the stochastic block model we define the vector b € R¥ with coordinates
b=, =1,...,5, where by y; we define the expected degree of the node from community Hj.
Also we define vector 2/ € RS with coordinates z; = E[B(l)],l = 1,..., S, where by B(l) we
define the total progeny of the individual of type [. We define 2™ = max;¢ [, ;. Armed with this
notation, we begin the proof Lemma 10, which consists of the following steps:

* proving that forany i, j € V, z; — x; < 22" (u; — 1), (Lemma 11, 12),
* proving that forany i, j € V, ¢; — ¢; = x; — x; + O(1/n) (Lemmas 13, 14).

These facts together lead to Lemma 10, given that n is large enough to suppress the effects of the
residual terms. We begin with analysing the relation between b; and z; in a straightforward way:

Lemma 11 (Coordinate order for mean of the total progeny in the SBM) Assume that G(n, o, K)
is subcritical and that K,y = k > 0 holds for all m # {. If two coordinates of b are such that
by > by, then we have x; > x,,, and x} — x},, < 2z* (b — by,).

Proof For the stochastic block model with S blocks, the system of equations x = e + Ax can be
equivalently written as =’ = e + Ma/, for M = Kdiag(a) € R5*S, and 2/ € R®, with 2/, now
standing for the expected total progeny associated with any node of type m. Similarly, we define b/,
as the expected degree of any node of type m. Notice that the system of equations 2’ = e + M1/
satisfied by =’ can be rewritten as (I — M)z’ = e, where I is the S x S identity matrix. By exploiting
our assumption on the matrix K and defining v,, = Ky ;n — K, this can be further rewritten as

1M ar on o ag /
—  =e,
11—« ’
57s a1 an - as

which means that for any m, x}, satisfies

, 1+ k(")
m 1 — amYm

Also observe that
b/m = k(aTl) + U Yims

so, for any pair of types m and ¢, we have

o — (1 + k(a"2"))(amym — o)
¢ (1 - Oém')/m)(l - OMW)
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which proves the first statement.

To prove the second statement, observe that for any pair £ and m of communities, we have either
Q< % or oy < % (otherwise we would have o, + a4 > 1). To proceed, let £ and m be such that
x,, > x), and let us study the case ay < % first. Here, we get

/ o (1 + k(aTwl))(O‘m'Ym - OZE'W) . (Oém')’m - Oéf'}’ﬂ) /
xT — I’E = = T
(1 = amYm) (1 — cye) (1 — )

(am'Ym - O‘K'W) / / ’ ’
NmYm = V) 1< o (B B).
02 (b = B2)

In the other case where o, < %,

we can similarly obtain

= 2 < 22 (b~ By) < 200, (0, — ).

This concludes the proof. |

For the analysis of the Chung-Lu model, we define i € R"™ as the vector of mean degrees. Then we
may prove the following.

Lemma 12 (Coordinate order for mean of the total progeny in the Chung—Lu model) Assume
that G(n,w) is subcritical. If two nodes are such that ji; > pj, then we have x; > x; and

T —xj < T (pi — py)-

Proof From the system of equations z = e + %A:p, the coordinates z; have the form

1 n
z,=14+— w; E w;T; |,
n -

J=1

which implies that w; > w; holds if and only if z; > z;. This observation implies for z* = max; x;

1 - * *
e C ) D owi | @t = (i — )@,
j=1

thus concluding the proof. |

The next two lemmas establish the relationship between the expected component size ¢; of vertex ¢
and the expected total progeny x; of the multi-type branching process seeded at vertex .

Lemma 13 For any i, the mean of the connected component associated with type © is bounded by
the mean of the total progeny: c; < x;.

Proof Now fix an arbitrary ¢ € [n] and let Yi1,Yi2,...,Y;, be independent Bernoulli random
variables with respective parameters (A4; 1/n, Ai2/n, ..., Aii/n,..., A;j,/n). Consider a multitype
binomial branching process where the individual of type ¢ produces Y; ; individuals of type j,
and let Bp(7) denote its total progeny when started from an individual of type i. Recalling the
Poisson branching process defined in Appendix 5 with offspring-distributions X; ;, we can show
Bger(7) = B(i) using the relation Y; ; < X ;.
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Considering a node a of type i, we can use Theorem 4.2 of van der Hofstad (2016) to bound the
size of the the connected component C, as |C,| =< Bge(7), which implies by transitivity of < that
|Cy,| = B(i). The proof is concluded by appealing to Theorem 2.15 of van der Hofstad (2016) that
shows that stochastic domination implies an ordering of the means. |

Next we upper bound the excess that appears in the domination by the branching process:

Lemma 14 z; —c¢; = O(2).

n

Proof Asin Lemma 13, Bge(7) denotes the total progeny of a Bernoulli branching process whose
set of parameters corresponds to G(n, x). Then we may decompose the difference as

T, — ¢ =x;—E [BBer(i)] +E [BBer(i)] — C;.

Denote the set of edges in the connected component C,, as E(C,) and the set of edges containing
a vertex v as E(v). We call |S| the surplus, which is the number of edges to be deleted from E(C,)
such that the graph C,, becomes a tree. Then, we have E [Bp,,(i)] — ¢; < E[|S|]. The expectation
of the surplus may be written as

EISI=E| 3 HeeS} =S PlCI=H 3 E[ifeeS}|Cul =4

e€E(C,) k=1 e€E(C,)

:% S N E[Hee S} I(Ca =]

vEC, e€E(v)

Define Apax = max; j A; j as the maximal element of the matrix A. Then for an arbitrary vertex,
the probability of an edge e € E(v) being in the surplus can be upper bounded as

Amaxk
> Ell{e € S}|Cul = k] < 222

e€E(v)

Then we may upper bound the sum as

,Z Y E[l{ee S} |Cal =k < ma"k2

veCy e€E(v)

Using our expression for E [|S|], we get

o0
Amaxk?®  AmaxE|Cq)?
B[S < 3 P(Co| =k Srm - AmmBICL
n n
k=1
Now we notice that, by Le Cam’s theorem, the total variation distance between the sum of
independent Bernoulli random variables with parameters (A;1/n, ..., 4;,/,) and the Poisson dis-
tribution Poi(3_7_; A; ;/n) is at most 2(3_7_, Ai ;)/m. Using this fact and that the moments of the
total progeny of a subcritical branching process do not scale with n (cf. Theorem 1 of Huaming,
2012), we have z; — E [Bper(i)] = O (2 ), thus proving the lemma. [
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8.2. Supercritical case

Lemma 15 Suppose that
1. G is generated from a supercritical G(n, o, K) satisfying Assumptions 1 and 2, or
2. G is generated from a supercritical G(n, w).

Then, for any node i satisfying j1; < p*, we have ¢* — ¢; < ¢* (" — ;) + on(n).

The proof of Lemma 15 follows from the following lemmas for the stochastic block model and the
Chung-Lu model and from the following relation between c; and p;:

¢i = piE[|C1]] + on(n)
see Bollobds, Janson, and Riordan (2007, Chapter 9).

Lemma 16 (Coordinate order preserving in the stochastic block model.) Assume the conditions
of Lemma 15 and let |, = argmax; b;. Let a € RS be any vector such that a; € [0,a,,] for all .
Then (®p1(a));, > (P(a));:

Proof Let us fix two arbitrary indices [ and I’. By the definition of ®,;, we have

)

(®pr(a)), =1— e~ (o amam)k+ar Ky ar)

(@ar(@))y = 1 — ¢~ o st i)

Notice that if [ and I’ satisfy

Z amam | k+ o Kpa; > Z amam | k+ oy Ky pay,
m#l m#l

we have (®a/(a)); > (®ar(a)),. Now, using the facts that
. Zm# O G, — Zm#, OO, = QG — Gy,
s oKy > aik,
s K+ ok > apky p + gk and
ca —ay >0,
we can verify that

alKl,lal + apkay — agka; — al/Kl/,l/al/
= (Othl,l + apk)ay + (a; — al/)alKl,l — (al’Kl’,l’ + a;jk)ay — (a; — ap)agk > 0,

thus proving the lemma. |

28



LEARNING GLOBAL INFLUENCE MAXIMIZATION FROM LOCAL OBSERVATIONS

Lemma 17 (Order of coordinates of eigenvector in the SBM) Let a be the eigenvector corre-
sponding to the largest eigenvalue )\ of the matrix M = Kdiag(«). Then if I, = arg max; b;, we
have a;, > a for | # .

Proof If a is an eigenvector of M, then for coordinates [, I’:

> oml amam) k+ apkyiar = Aay,
Zm#m/ amam> k+ OélKl/J/al/ = Aay

By the Perron-Frobenius theorem and our conditions on matrix M, A is a real number larger than one.
Denote C' = kZm#l mAl A, T = Q, Y = ay, a = O‘lKl,l, b= al/k, c = alkj’ d = al’kl’,l"
Then,

by = A
{C+ax+ Y x, (12)

CHcx+dy=2Xy
Let r = 1 + e be such that y = rz = (1 4 €)z. Then
Cpatb+be=A,
Ctcetdtde=N+Ae

and therefore o o
—4+c+d+de=—+a+b+be+ Xe.
xT xT

Rearranging the terms and using the fact that a + b > ¢ + d, we have
0<(a+b)—(c+d)=(d—-b—Ne.

Since K;; > k, we have oyk;; > ogk and a > c.

We consider two cases separately: First, if b > d, we have d — b — A < 0, which implies € < 0
and y < x, therefore proving a; > ay for this case. In the case when b < d, wehavea +b > c+d
and g < 1. Subtracting the two equalities of the linear system 12, we get

M1 —7) = (a—0) <1—d_br> |

a—cC

Now, since % <1, we have A > a — ¢, which implies A > d —band d — b — A < 0, thus leading
to e < 0 and y < x, therefore proving a; > ay for this case. |

Lemma 18 (Order of coordinates of eigenvector in the Chung-Lu model) Let a be the eigen-
vector corresponding to the largest eigenvalue \ of the matrix A. Then if i, = arg max,, by,, we
have a;, > a; for j # i.

Proof It is easy to see that the only eigenvector of A corresponding to a non-zero eigenvalue is
a = w with A\ = ww/n:

Aw =

SRS
3

1
n
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The proof is concluded by observing that the maximum coordinate of the vector b corresponds to the
maximum coordinate of w, due to the equality

n
1
bz' = — W E wy.
n :
J=1

Lemma 19 (Coordinate order preserving in the Chung-Lu model) Assume the conditions of
Lemma 15 and let i, = argmax;b;. Let a = (a1,...,ayn) be such that a; € [0,a;,] for all j.
Then (®a(a));, > (@A(a))j.

Proof Let us fix two arbitrary indices 4 and . By the definition of ® 4, we have
(@a(a)); =1 — e Wiz wi)

Then, using the fact that w = a, we have (®4(a));, > (®a(a));, thus proving the lemma. [ |

We finally study the maximal fixed point of the operator ® 4, keeping in mind this fixed point
is exactly the survival-probability vector p of the multi-type Galton—Watson branching process
Bollobés, Janson, and Riordan (2007). By Lemma 5.9 of Bollobds, Janson, and Riordan (2007), this
is the unique fixed point satisfying p; > 0 for all 7. The following lemma shows that p; takes its
maximum at ¢, = arg max; b;, concluding the proof of Lemma 15.

Lemma 20 (Fixed point coordinate domination) Let p be the unique non-zero fixed point of ® 4,
and let i, = arg max; b;. Then, p;, > p; and p;, — p; < p* (b;, — bj) holds for all j # i,.

Proof Letting a be the eigenvector of A that corresponds to the largest eigenvalue A\, Lemma 18 and
17 guarantee a;, > a; for j # ¢*. Let € > 0 be such that € < 1—(11*/>\’ where a* = max;—1 s a;.
Then by Lemma 5.13 of Bollobds, Janson, and Riordan (2007), ®s(ea) > ea holds elementwise for
the two vectors.

Since the coordinates of the vector ea are positive, we can appeal to Lemma 5.12 of Bol-
lobas, Janson, and Riordan (2007) to show that iterative application of ® 4 converges to the fixed
point p: letting @'} be the operator obtained by iterative application of ® 4 for m times, we have
limy, o0 @'} (ea) = p, where p satisfies p > ea > 0and ® 4(p) = p > 0. By Lemmas 18 and 17 we
have p;, > p;, for i, # j for both the SBM and the Chung—Lu models, proving the first statement.

The second statement can now be proven directly as

1 . (LA, _lsmogq _lsmog. .
Pi, — pi = ef(ﬁAp)J —e (nAp)z* —e nzj Aivipi _ e HZJ Aijpj

n
—Lls A o LS A0 A ips —LlsS A o 1
= e ne bl —en 25 Aisks W) < en s Tl n Z(Ai*j — Aij)pi.
J
< p*(bi, —bi),
where the first inequality uses the relation 1 — e™* < z that holds for all z € R, and the last step
uses the fact that Ap has positive elements. |
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8.3. Proofs of Theorems 5, 6 and 7 .

Having established that, in order to minimize regret in our setting, it is sufficient to design an
algorithm that quickly identifies the nodes with the highest degree. It remains to show that our
algorithms indeed achieve this goal. We do this below by providing a bound on the expected number

of times E [N7;] = E Zle I 4,4y | that the algorithm picks a suboptimal node i such that ¢; < c*,
and then using this guarantee to bound the regret.

Without loss of generality, we assume that Vp = {1,2,...,|Vy|}. The key to our regret bounds
is the following guarantee on the number of suboptimal actions taken by d-UCB(V}).

Theorem 21 (Number of suboptimal node plays in d-UCB) Define n; = (maxjev; ftj — i) /3.
The number of times that any node i € {i : j; < maxjev, ;} is chosen by d-UCB(V}y) satisfies

p* (24 6logT)

EN7; < 5
m;

+3. 13)
The proof is largely based on the analysis of the klI-UCB algorithm due to Cappé, Garivier, Mail-
lard, Munos, and Stoltz (2013), with some additional tools borrowed from Ménard and Garivier
(2017), crucially using that the degree distribution of each node is stochastically dominated by an
appropriately chosen Poisson distribution. Specifically, letting Z; be a Poisson random variable with
mean E [X; ;], we have E [e**+i] <E [e*%] for all s. It turns out that this property is sufficient for
the kI-UCB analysis to go through in our case, which is an observation that may be of independent
interest.

Before delving into the proof, we introduce some useful notation. We start by defining
Yi1,...,Y;, as independent Bernoulli random variables with respective parameters B = (A;1/n,
A;a/n, ..., Ain/n), and noticing that the degree X, ; can be written as a sum X; = Z#i Y; ;. The
following lemma, used several times in our proofs, relates this quantity to a Poisson distribution with
the same mean.

Lemma 22 Leti € [S]andletY; ,Y;o,...,Y; , be independent Bernoulli random variables with
respective parameters p; 1,D; 2, - - - , Pin, and let Z; be a Poisson random variable with parameter

Wi = Zj# pi,j- Defining X; = Zﬁéi Y j, we have E [eSXi] <E [eSZi] forall s € R.

Proof Fix an arbitrary s € R and 7 € [n]. By direct calculations, we obtain

n n n
ReXi = H Eesy” H (I +pij(e® —1)) H P (pij-(€°—1)),
i=1 i=1 =1

where the last step follows from the elementary inequality 1 + = < e® that holds for all z € R. The

proof is concluded by observing that Ee*% = exp (11 (e* — 1)) and using the definition of . |
For simplicity, we also introduce the notation yg(s) = logE [¢**] and ¢x(s) = logEe*%i =

A(e® —1). The proof below repeatedly refers to the Fenchel conjugate of ¢, defined as

$3(2) = sup{sz — ¢(s)} = zlog (E

Sup )\>+)\—z

for all z € R. Finally, we define d(u, /) = ¢/ — p + plog (‘—,) for all u, /> 0, noting that
$3(2) = d(z,\).
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Proof of Theorem 21. The statement is proven in four steps. Within this proof, we refer to nodes
as arms and use K to denote the size of V. We use the notation f(t) = 3logt.

Step 1. We begin by rewriting the expected number of draws [ [N;] for any suboptimal arm 7 as

z_: T{ Ay = i}] - i P{As1 = i}.

t=K t=K

EN;, =E

By definition of our algorithm, at rounds ¢ > K, we have A;y1 = ¢ only if U; > U;;. This leads to
the decomposition:

{Apr = a} € {5 > U (1)} U {" < Uin(t) and Ay = a}
C{p" >Up(t)} u{p" < Ui(t) and Asy1 = a}

Steps 2 and 3 are devoted to bounding the probability of the two events above.

Step 2. Here we aim to upper bound
T-1
Py > Up(t)]. (14)
=K
Note, that {Us (t) < p*} = {fui= () < Ui (t) < p*} . Since d(u, p') = p’ — pu + plog(7) is non-
decreasmg in its second argument on [y, +00), and by definition of U+ = sup{yu : d(uZ (t),pn) <

~+

we have
Nz'*(t) }

N " N t
("2 U 0)) € {un(t) < Uin(t) < and e (0,07) = 5100 .
Z*
Taking a union bound over the possible values of N;«(t) yields
t—K+1 £(0) t—K+1
w2veore U {2 i and o) = 190 = 0,00,
n=1 n n=1

where the event D,, (¢) is defined through the last step. Since d(p, i) is decreasing and continuous

in its first argument on [0, 1*), either d(fij» , p*) < (t)

on this interval and D,,(t) is the empty set,
or there exists a unique z,, € [0, ©*) such that d(z, ) = f1(1)' Thus, we have

t—K+1 t—K+1

U Dn(t) C U {ﬂi*,n < Zn} .
n=1 n=1

For A < 0, let us define ¢)(\) as the cumulant-generating function of the sum of binomials with
parameters B, and let ¢(\) be the cumulant-generating function of a Poisson random variable with
parameter p*. With this notation, we have for any A\ < 0 that

P [/lz*,n < Zn] =P [eXp()‘ﬂi*,n) > eXp(AZn)]

=P [exp ()\ Z Xix i — mb(A)) > exp(nAz, —ny(N))

=1

)

Ee)\Xi*J n
e —B(N) < Az —H(N)
§< oY) ) ¢ <e
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where the last step uses the definition of ¢)(\). Now fixing \* = argmax,{\z, — ¢(N\)} =
log(z,/p*) < 0, we get by Lemma 22 that

efn()‘*znfw()‘*)) < efn()\*zn*¢(A*)) — eanS;* (Zn) — efnd(zn,,u,*) .

In view of the definition of z,, and f(t), this gives the bound

ond(np®) _ i) _ 1

t737
which leads to
T-1 T-1t—K+ 1
> Plu* > Us Z >, m<2
t=K t=K n=1

thus concluding this step.

Step 3. In this step, we borrow some ideas by Ménard and Garivier (2017, Proof of Theorem 2,
step 2) to upper bound the sum

T-1

B=> P[u* <U(t)and Ay =1]. (15)
t=K

Writing n = n; = {u* — p;}/3 for ease of notation, we have

{p* < Ui(t)and Apy1 =i} C{p* —n < U;(t) and Apyq =i}
C {d(fa(t), i" — ) < F(8)/Ni(t) and Apsy = i}

Thus, we have

N

-1
Pld(fi(t), u* —n) < f(t)/Ni(t) and Agy1 = 1]

Sy
IA
i
=

M=

< Pld(ftip, 1* —n) < F(T)/n]

3
Il
i

Defining the integer n(n) as

f(T) w
n\n) = " )
g Ll(m + 0,05 =)
we have f(T)/n < d(u; +n, u* — n) for all n > n(n). Thus, we may further upper bound B as

T
B<n(n) -1+ Y Pld(fin,p"—n) < f(T)/n]
n=n(n)
T
= 0 +f7§TM i Z Pld(fin, 0 —=n) < d(pi +n, 1" = )]

n=n(n)

33



LuUGoSsI NEU OLKHOVSKAYA

By definition of 7, we have

{fin, 1" —n) < d(pi + 00" =)} € {fin = pi + 0},
which implies

T

T
P [d(fti, " = 1) < d(pi 40,05 =) <D Plitin > pi+ 1)
n=n(n) n=n(n)

By an argument analogous to the one used in the previous step, we get for a well-chosen \ that

T
Y Pliin > pi+0) < Plexp(Min) > exp(Au; +n))]

n=n(n)
T n
= P |exp(A Y X;; — nih(N) > exp(nA(u; + 1) — nib(N))
n=n(n) Jj=1
~ (E[YTN" L gsn—so)
<> |\ —am ) e
n=n(n)
T T
< Z oA (itn)—o(N) _ Z e~ nd(pitn,pi)
n*n(n) n=n(n)
< Z e nd(pitnpi) < 1 < 1
- = edluitnm) — 1 = d(p; +n, 1)’

n=n(n)
where the last step uses the elementary inequality 1 + =z < e* that holds for all x € R.
Step 4. Putting together the results from the first three steps, we get

1 3logT
N g

EN; < 3+ :
’ dpi +n, ) d(ps + 0, " —n)

We conclude by taking a second-order Taylor-expansion of d(u; 4+ 1, ;) in 1) to obtain for some
n' € [0, 7] that

U
2(pmi ') T 2(pi + )

Taking into account the definition of 7, we get

d(pi + 1, i) =

1 2u*
- < -
d(ps +n,p0i) — n

An identical argument can be used to bound (d(u; + 1, u* — 77))71 < 2u*/n?. O

The remainder of the section uses Theorem 21 to prove Theorem 5. The proof of Theorem 6
follows from similar ideas and some additional technical arguments.
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Proof of Theorem 5. First, by (6),

R% < Aoz,max +E Z Aa,iE [NT,Z'] &
i€V

Now, observing that d,; < 37; holds under event £, we appeal to Theorem 21 to obtain

*(1 27log T
RY < Ao +E | 3 A (“(8;7‘% )+3) e, (16)

i€V e

thus proving the first statement.

Next, we turn to proving the second statement regarding worst-case guarantees. To do this, we
appeal to Propositions 10 and 15 that respectively show A; < 2¢*9; +O(1/n) and A; < ¢*6; + o(n)
for the sub- and supercritical settings, and we use our assumption that n is large enough so that
we have A; < 3c¢*; in both settings. Specifically, we observe that §; = O,(1) by our sparsity
assumption and c¢* is ©,,(1) in the subcritical and ©,,(n) supercritical settings, so, for large enough
n, the superfluous O(1/n) and o(n) terms can be respectively bounded by ¢*d;. To proceed, let
us fix an arbitrary ¢ > 0 and split the set 1} into two subsets: U(c) = {i € Vj : 64 < e} and
W (e) = Vo \ U(e). Then, under event £, we have

ZAa,iE [N7:i] = Z Ao E N7 + E A iE N7

1€Vo 1€U(e) €W (e)
*(18 +271ogT
<3¢c Y E[Np]+3¢ Y das (“ ( *5'2’ o8 )> + 3[W(£)| Agmax
ieU(e) i€W (e) @t
(by Theorem 21)
. . w* (18 + 271log T')
< 3 T a,max
< 3c*eT + 3¢ Z 5o + 3|Vol A,
€W (e) ’
*(18 +27log T
S 30* (€T + |‘/0|N ( +€ 08 )> + 3"/0‘Aa,max

< 6¢*/T|Volp* (18 + 271og T) + 3|Vo| Avmax,

where the last step uses the choice e = /|Vy|u* (18 + 271log T) /T'. Plugging in the choice of |Vp|
concludes the proof. U

Proof of Theorem 6. We start by assuming that & < 1/2. Also notice that for a uniformly sampled
set of nodes U, the probability of U not containing a vertex from V' is bounded as

PUNVE=0] < (1—a)Vl

By the definition of V}, this gives that the probability of not having sampled a node from V] in
period k of the algorithm is bounded as

PVin V=0 < (1—a)Vl <pgk
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For each period k, the expected regret can bounded as the weighted sum of two terms: the
expected regret of d-UCB (V};) in period k& whenever Vi, N V. is not empty, and the trivial bound
A max ¥ in the complementary case. Using the above bound on the probability of this event and
appealing to Theorem 21 to bound the regret of d-UCB (V};), we can bound the expected regret as

Kmax * k
2431
E[RF] < > ﬁ’“ﬁl,{Aa,maﬁZAa,i (“ (24 Slog 57) +3>
k=1

52 .
i€V @,

k
max * 2 1
< kmaXAa,max + Z Z Aa,i (,U ( 3k o8 ﬁ) + 3)

62 .
k=1 ieVy Q,t

2p” 31 kmax 1 2
= kmaan,max + Z Ao‘vi ((3 + M) (kmax + 1) + Ogﬁ( + ) ) i

2 2
v 5a,i 26a,i

The proof of the first statement is concluded by upper bounding the number of restarts up to time 7’
log T

as kmax < lgiﬁ .

The second statement is proven by an argument analogous to the one used in the proof of

Theorem 5, and straightforward calculations. U

Proof of Theorem 7. For a node ¢, such that s; contains /; ones, the expected degree is

pi = (C+B) (B + 7).

Since ¢ > v > 3, we get that p; > p; if I; > [;. By symmetry of the nodes in the Kronecker graph,
if two nodes 4 and j are such that [; = [}, then ¢; = ¢;. This implies that for any node i, ¢; is a
function of /;. Then we may choose nodes 7 and j such that s; > s; coordinate-wise. Then, using the
condition ¢ > v > f, it is straightforward to see that for any vertex k, the probability of the edge
(i, k) is greater than that of edge (4, k). This implies that the connected component is a monotone
function of the degree.

Theorem 9.10 in Frieze and Karonski (2015) shows that for a graph G, pixthere exists b(P)
such that a subgraph of G, pixjinduced by the vertices ¢ € H of weightl; > k /2 is connected with

probability at least 1 —n ("), We denote by # the event that the subgraph of G,, piwinduced by the
vertices of H of weight [ > k/2 is connected. This implies that under event #, |C;| = | max; C}|
forall i € H and |C;| < |max; C}| for all i ¢ H. Then we get

c—ci=E {m;lx |C5]

7—[] P[H] +E[|CE|| HP[H] — E {m;xX!le

| Pl - BI1C| P
< E[|C,||HE P [H] < nt=0P),
Foralli € VO\H, das = (¢ + 8)(8 + 7)) >~ ((+AM2 1 (B+)MH = (¢ +B)(B+ )M (1- £3).

Since we consider the regime, where ({ + 5)(5 + ) > 1, we get that 6, ; > < — ?J%g) For all

i,j € H, b0 = (C+ ) (B+7)F" > (C+ BB+ ?(C~~) 2 (C=7)/(C+ ). Inthe
same way as we analysed the regret of the stochastic block model and Chung-Lu model, we can write

RE <nTP[E)+E | ) AwE[Ni7][€
1€V
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Applying Theorem 21, we get

&<E Z A (2+610gT

no iEVQ\H n < ?Ig
log(nT (24 6log T)(
+n_b(P>[0g(n )w < +6log T)(¢ + B)? +1
log(2) (€—7)?
Applying |Vo \ H| < |Vo| and A, ; < n, we get the final bound on the regret. O
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